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Abstract 

We propose a definition of compact quantum groupoids in the setting of C*-algebras, 
associate to such a quantum groupoid a regular C* -pseudo- multiphcative unitary, and use 
this unitary to construct a dual Hopf C*-bimodule and to pass to a measurable quantum 
groupoid in the sense of Enock and Lesieur. Moreover, we discuss examples related to 
compact and to etale groupoids and study principal compact C*-quantum groupoids. 



Contents 



1 


Introduction 




2 


Compact C*-quantum graphs 


i 


3 


The relative tensor product and the fiber product 


H 


4 


Compact C*-quantum groupoids 


M 


5 


The fundamental unitary 


M 


6 


Supplements on C*-pseudo-multiplicative unitaries 


M 


7 


The dual Hopf C*-bimodule 


M 


8 


Principal compact C*-quantum groupoids 




9 


Compact and etale groupoids 




1 


Introduction 





Overview In the setting of von Neumann algebras, measurable quantum groupoids were 
studied by Lesieur and Enock |71 111 building Vallin's notions of Hopf- von Neu- 
mann bimodules and pseudo-multiplicative unitaries [201121) and Haagerup's operator-valued 
weights. 

In this article, we propose a definition of compact quantum groupoids in the setting of 
C*-algebras, building on the notions of Hopf-C*-bimodules and C*-pseudo-multiplicative 
unitaries introduced in |17l I16j . To each compact C*-quantum groupoid, we associate a 
regular C*-pseudo-multiplicative unitary, a von-Neumann algebraic completion, and a dual 
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Hopf C*-bimodule. Moreover, we extend this C*-pseudo-multiplicative unitary to a weak 
C*-pseudo-Kac system; lience, the results of [16] can be applied to the study of coactions 
of compact C*-quantum groupoids on C*-algebras. 

To illustrate the general theory, we discuss several examples of compact C*-quantum 
groupoids: the C*-algebra of continuous functions on a compact groupoid, the reduced 
C*-algebra of an etale groupoid with compact base, and principal compact C*-quantum 
groupoids. 

Let us mention that many constructions and results seem to extend to a more general 
notion of quantum C*-groupoids where the Haar weights are still assumed to be bounded 
but where the C*-algebra of units need no longer be unital and where the KMS-state on 
this C*-algebra is replaced by a proper KMS-weight. 

Plan Let us outline the contents and organization of this article in some more detail. 

In the first part of this article (Sections 2,3,4), we introduce the definition of a compact 
C*-quantum groupoid. Recall that a measured compact groupoid consists of a base space 
G", a total space G, range and source maps r,s: G —>■ G*^, a multiplication GsXrG 
G, a left and a right Haar system, and a quasi-invariant measure on G°. Roughly, the 
corresponding ingredients of a compact G*-quantum groupoid are unital G*-algebras B 
and A, representations r, s : 3^°''^ —> A, a comultiplication A: A —> A * A, a left and a 
right Haar weight 4>,il'- A —>■ B^°^\ and a KMS-state on B, subject to several axioms. 
These ingredients are introduced in several steps. In Section 2, we focus on the tuple 
{B, A,r, (f), s,^), which can be considered as a compact G*-quantum graph, and review 
some related GNS-constructions. In Section 3, we recall from 1171 116) the definition of 
the fiber product A * A and of the underlying relative tensor product of Hilbert modules 
over G*-algebras. Finally, in Section 4, we give the definition of a compact G*-quantum 
groupoid and obtain first properties like uniqueness of the Haar weights and the existence 
of an invariant state on the basis. 

In the second part of this article (Sections 5,6,7), we associate to every compact G*- 
quantum groupoid a fundamental unitary, a von-Neumann-algebraic completion, and a dual 
Hopf G*-bimodule. This fundamental unitary satisfies a pentagon equation, generalizes 
the multiplicative unitaries of Baaj and Skandalis [l], and can be considered as a pseudo- 
multiplicative unitary in the sense of Vallin equipped with additional data. The unitary 
and the completion will be constructed in Section 5. In Section 6, we study a particular 
feature of this unitary — the existence of fixed or cofixed elements — and show that for a 
general G* -pseudo- multiplicative unitary, such (co) fixed elements yield invariant conditional 
expectations and bounded counits on the associated Hopf G*-bimodules. In Section 7, we 
return to compact G*-quantum groupoids and discuss their duals. 

The last part of this article (Sections 8,9) is devoted to examples of compact G*-quantum 
groupoids which are obtained from compact and from etale groupoids one side and from 
center-valued traces on G*-algebras on the other side. For these examples, we give a detailed 
description of the ingredients, the associated fundamental unitaries, and the dual objects. 

Preliminaries Let us fix some general notation and concepts used in this article. 

Given a subset Y of a normed space X, we denote by [Y] c X the closed linear span 
of Y. Given a C*-algebra A and a G*-subalgebra B c M{A), we denote hj A n B' the 
relative commutant {a e A \ ab = ba for all be B}. Given a Hilbert space H and a subset 
X c £{H), we denote by X' the commutant of X. All sesquilinear maps like inner products 
of Hilbert spaces are assumed to be conjugate-linear in the first component and linear in 
the second one. 

We shall make extensive use of Hilbert G*-modules. A standard reference is 
Let A and B be G*-algebras. Given Hilbert G*-modules E and F over B, we denote 
the space of all adjointable operators _E ^ _F by £b{E,F). Let E and F be G*-modules 
over A and B, respectively, and let tt: A ^ Cb{F) be a *-homomorphism. Then one can 
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form the internal tensor product E (g)^ F, which is a Hilbert C*-module over B [51 Chapter 
4]. This Hilbert C*-module is the closed linear span of elements rj (^a Ci where rj E E and 
£, e F are arbitrary, and (j] (g)^ £^\ri' ®,r C') = (Ck(('?l''7'))C') and (77 (H),r C)^ = ?? ®7r for all 
ri,rj' e -B, 5,^' 6 -F, and b e B. We denote the internal tensor product by "©"; thus, for 
example, E F = E ®^ F. If the representation tt or both tt and A are understood, we 
write or "@", respectively, instead of "@^". 

Given A, B, E, F and tt as above, we define a flipped internal tensor product Ft^QE as 
follows. We equip the algebraic tensor product FQE with the structure maps (^©r;!^'©??') : = 
(.^^{(.vlv'y)^'}^ (C O v)b •= O S'lid by factoring out the null-space of the semi-norm 
C IKCIOII^''^ and taking completion, we obtain a Hilbert C*-i3-module Fn©E. This 
is the closed linear span of elements ^,r©??, where rj e E and ^ e F are arbitrary, and 
i^^ml^'^m") = <C|7i-«77h'»^'> and (C^@77)6 = ^b„©v for aU ry, 77' e C, C e -F, and b e B. 
As above, we write "a©" or simply "@" instead of ",r@" if the representation tt or both 
TT and A are understood, respectively. Evidently, the usual and the flipped internal tensor 
product are related by a unitary map E: F Q E ^ E Q F, rj © ^ i—> £^ Q rj. 

2 Compact C*-quantum graphs 

The first basic ingredient in the definition of a compact C*-quantum groupoids are compact 
C*-quantum graphs. Roughly, such a compact C*-quantum graph consists of a C*-algebra 
B (of units) with a faithful KMS-state, a C*-algebra A (of arrows), and two compatible 
module structures consisting of representations B, B^°''^ — > A and conditional expectations 
A —> B,B^°^\ Thinking of (the underlying graph of) a groupoid, the representations cor- 
respond to the range and the source map, and the conditional expectations to the left and 
the right Haar weight. 

Throughout the following sections, we will use several GNS- and Rieffel-constructions 
for compact C*-quantum graphs. We first recall the GNS-construction for KMS-states and 
present the Rieffel-construction for a single module structure, before we turn to compact 
C*-quantum graphs. To prepare for the definition of the unitary antipode of a compact 
C*-quantum groupoid, we finally discuss coinvolutions on compact C*-quantum graphs. 

KMS-states on C*-algebras and associated GNS-constructions We shall use 
the theory of KMS-states on C*-algebras, see O §5], [121 §8.12], and adopt the following 
conventions. Let /i be a faithful KMS-state on a C*-algebra B. We denote by a'^ the 
modular automorphism group, by i?^ the GNS-space, by : B the GNS-map, by 

Cm = Af,(ls) the cyclic vector, and by : H^^ the modular conjugation associated to 

p. We shall frequently use the formula 

A^ (&) = A^ (af^2 (fe) * ) for aU b e Dom(a')2 ) . (1) 

We omit explicit mentioning of the GNS-representation n^: B ^ C{H^) and identify B 
with ni_i{B); thus, bA^{x) = 7r^(&)Ap(x) = Afj,{bx) = bx(^ for all b,x e B. 

We denote by B°'' the opposite C*-algebra of B, which coincides with B as a Banach 
space with involution but has the reversed multiplication, and by : B°^ C the opposite 
state of fi, given by by ^°^{b°^) := /i(ti) for all b e B. Using formula ([l}, one easily 
verifies that fj,°'' is a KMS-state, that the modular automorphism group a'^ is given by 
{b°^) = (J^^{b)°^ for all 6 e B, t 6 R, and that one can always choose the GNS-space 
and GNS-map for such that ii'^op = and A„op(6°f) = JpA^(6*) for all beB. Then 
Cm°p = Cm: Jt^"" = "^Mi 7rM°p(^) = J fj-T^ J II for aU beB, and 

A„op (6°") = A^(a^^ 2(6)), b^^k^ix) = k^^ixo'' {b)) for aU b e Domia" ), xeB. 
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Module structures and associated Rieffel constructions We shall use the fol- 
lowing kind of module structures on C*-algebras relative to KMS-states: 

Definition 2.1. Let fi be faithful KMS-state on a unital C* -algebra B. A /i-module struc- 
ture on a unital C* -algebra A is pair (r, </>) consisting of a unital embedding r: B ^ A and 
a completely positive map (j>- A ^ B such that r o <j): A r{B) is a unital conditional 
expectation, u := ^ o (j) is a KMS-state, and a" {r{B)) c r{B) for all t e R. 

Given a module structure as above, we can form a GNS-Rieffel-construction as follows: 

Lemma 2.2. Let ^ be a faithful KMS-state on a unital C* -algebra B , let{r,(j)) be a fi-module 
structure on a unital C* -algebra A, and put u : = ^ o (j). 

i) at o r = r o for all t e R. 

a) There exists a unique isometry ( : ffp ^ Hi, such that (A^{b) = Ay(r(6)) for all b e B. 
m) CJ^ = J,C, C6 = r{b)C, C*A4a) = A„((^(a)), C*a = (l>{a)C for allbeB,ae A. 
iv) There exists a fi°P-module structure (r°f,0°f) on A°p such that r°f(6°f) = r(6)°f and 
(j,°^{a°^) = <j,{a)°^ for allbeB, ae A. For all beB, CAm°p(6°*') = A„op {r"" {b''^)) . 

Proof, i) This follows easily from the uniqueness of the modular automorphism group of a 
faithful KMS-state. 

ii) Straightforward. 

iii) (,Ji_i = JvC, because Dom{(j^jr^) is dense in B and (J^A^{b) = (Af^{a'^^,^{b)*) = 

A,.(r(a')2(6)*)) = A, ('■(&))*) = J-^CAm(6) for all 6 e Gomia';^^) by i). The proof of 
the remaining assertions is routine. 

iv) Straightforward. □ 

Compact C*-quantum graphs The definition of a compact C*-quantum graph in- 
volves the following simple variant of a Radon-Nikodym derivative for KMS-states: 

Lemma 2.3. Let A be a unital C* -algebra with a KMS-state v and a positive invertible 
element 5 that satisfies v{5) = 1 and crt{5) = S for all t e R. 

i) The state us on A gtven by vs{a) = u{5^^^a5^^'^) for all a e A is a faithful KMS-state 
and a^^ = Ad^it oat = cr" o Ad^it for all t e R. 

ii) The map A^^ : A —> H^, a i—> A,^{a5^^'^), is a GNS-map for us, and the associated 
modular conjugation J^^ is equal to Jv 

iii) If S e A is another positive invertible element satisfying u{5) = 1, at (5) = S for all 
t e R, and = Us, then 5 = 5. □ 

Definition 2.4. A compact C*-quantum graph is a tuple {B, jj,, A,r, (f), s,tp, 5) , where 

i) B is a unital C* -algebra wtth a faithful KMS-state fi, 

ii) A IS a unital C* -algebra, 

iii) (r, 0) and (s, ?/>) are a ^-module structure and a -module structure on A, respectively, 
such that r{B) and s{B°^) commute, 

iv) 5 e A(^r{By r\s{B°^)' is a positive, invertible, a'^ -invariant element such that u{5) = 1 
and fi°^ o = (p, o (j))s. 

Given a compact C* -quantum graph {B, n, A,r,(j), s,ip), we put u := jj. o cj), u^^ := o tp, 
and denote by (^,Ci>'- Hi, the isometrics associated to {r,(f)), {Sjip) as in Lemma \2.Sl 

For every compact C*-quantum graph {B, jj,, A, r, (j), s, ip), we have uor = po(j>or = ^, 
and u^^ o s = fj,°^ o -0 o s = fj,°^ . The compositions u o s and u^^ o r are related to fj,°^ and 
fi, respectively, as follows. 

Lemma 2.5. Let {B , jj,, A,r, tf), Sjip, 5) be a compact C* -quantum graph. 
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i) (j>{S) e B and ipiS ^) e B°'' are positive, invertible, central, invariant with respect to 

and , respectively, and satisfy ii{4>{S)) = 1 = fj,°^{ip{S^^)). 
n) or = and uos = 

Proof, i) We only prove the assertions concerning 4>{5). Since 5 is positive, there exists an 
e > such that 5 > el a, and since (p is positive, we can conclude 4>{S) > e(f){lA) = cIb- 
Therefore, (j>{S) is positive and invertible. It is central because b<p{S) = (j>{r{b)5) = cfi{5r{b)) = 
4i{S)b for all b e B, and invariant under a'^ because a{'((^((5)) = (fi{at{S)) = (piS) for all t e R. 

h) The first equation holds because for all b e B, i/"^(r(6)) = ^i{(f>{5'^'^r{b)S'^/'^)) = 
^{b(l>{S)) = fi{(j){S)^^^b(l){5)^^^). The second equation follows similarly. □ 

Let {B, fi, A,r, (f), Sjip, 5) be a compact C*-quantum graph. Then for all b,c e B, 
V)(r(&))c°'' = V(r(6)s(c°f)) = V(s(c°'')r(6)) = c°fi/;(r(6)) and similarly 0(s (6°") )c = c(t>{s{b°P)), 
so that we can define completely positive maps 

T ■.= ipor: B ^ Z{B°'') and := cj> o s: B°^ ^ Z{B). (2) 

We identify Z{B) and Z{B°p) with B n B°p c C{H^) in the natural way. 

Coinvolutions on compact C*-quantum graphs The following concept wiU be 
used to define the uintary antipode of a compact C*-quantum groupoid: 
Definition 2.6. A coinvolution for a compact C* -quantum graph {B, ^, A, r,(f>,s, ip, S) is an 
antiautomorphism R: A ^ A satisfying RoR = id^ and R{r(b)) = s(6°''), (j){R{a)) = ^f}{a)°^ 
for all b e B, a e A. 

Lemma 2.7. Let R be a coinvolution for a compact C* -quantum graph (B , /i, A,r, (j), s,tp, 5). 

i) a'i oR = Ro a'Ct' for all t e R, and R{S) = In particular, (t>{S) = ^(5"^). 
ii) T{b) = T\b°^) for all beB. 

Hi) There exists a unique antiunitary I: Hi, H,^, Aj,-i(a) i-^- A^(_R(a)*), and 

IK(a) = K(R(a5^''')*), Ia*I = R{a), = id^, I(^J^ = Lh = J,I. 

Proof, i) The first equation follows from the fact that R is an antiautomorphism and that 
V o R = . To prove the second equation, put 5' := R(S~^). Then 

1.(5') = ,.-1(5-1) =,.(1) = !, 

aU5') = R{a%\s-^)) = R{a-_, o Adsu (5-^)) = R{a-_,{5-')) = R{5-^) = 5' , 
us{a) = i.-i(a) = iy{R{a)) = v'^ {r^'^ R{a)5-^''^) = v{i'^''' a&'^l^) = us,{a) 

for all a e A, and by Lemma 12.31 iiil. S = 5' . 

i\) ((^os)(6°P) = {(j)oRoRos){b°'P) = {iPor){b)°P for all beB. 
iii) The formula for / defines an antiunitary because for all a e A, 

\\A4R{af)f = (fiocj,){R{a)R{af) = {fi o cj, o R){a''a) = (fi"" o iP){a*a) = ||A,-i(a)f. 
The first two equations given in ii) follow immediately. Next, = idn because 

j'A.(a) = A,{R{R{aS^''YS^'^)*) = A^aS^'^'S-^'"') = A,.(a) 
for all a e A, and I(^^J^ = ("^ because 

K^JMb*) = /C*A^op(fe°f) = lA.-iisib"'')) = A.(r(fe)*) = aA^(b*) 
for all beB. The relation = Ro a'Lt ° R (t E R) implies that for all a e Dom(CT^^2 )> 

J./A,-i(a) = A,(ar/2(i?(a)*)*) = A.{R{af^\a)*)*) = /J,_i A,_i (a). 
Since J^-i = J^, we can conclude J^I = IJ^. □ 
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3 The relative tensor product and the fiber product 



Fundamental to the following development is the general language of C*-modules and C*- 
algebras over KMS-states, the relative tensor product of such C*-modules, and the fiber 
product of such C*-algebras: The fiber product is needed to define the target of the comul- 
tiplication of a compact C*-quantum groupoid, and the relative tensor product is needed 
to define this fiber product and the domain and the range of the fundamental unitary. 

We proceed as follows. First, we introduce the language of C*-modules and C*-algebras 
over KMS-states. Next, we describe the C*-module structures that arise from a compact 
C*-quantum graph and which are needed later. Finally, we present the relative tensor 
product and the fiber product. Except for the second paragraph, the reference is [T7] 

C*-modules and C*-algebras over KMS-states We adapt the framework of C*- 
modules and C*-algebras over C*-bases introduced in [17] to our present needs, replac- 
ing C*-bases by KMS-states as follows. A C* -base is a triple (23,5^,23^) consisting of a 
Hilbert space S) and two commuting nondegenerate C*-algebras 23, 23^ c C{Sj). We restrict 
ourselves to C*-bases of the form {H^,B,B°'^), where Hp is the GNS-space of a faithful 
KMS-state /i on a C*-algebra B, and where B and B°^ act on iifp = H^op via the GNS- 
representations, and obtain the following notions of C*-modules over /x. 
Definition 3.1. Let n he a faithful KMS-state on a C* -algebra B. A C*-/i-module is a 
pair {H,a), briefly written Ha, where H is a Hilbert space and a c C{Hi_i,H) is a closed 
subspace satisfying [ceHf^] = H, [aB] = a, and [a*a] = B c Ci^H^). A morphism between 
C* -^-modules Ha and Kp is an operator T e C{H,K) satisfying Tot c /3 and T* (3 c a. 
We denote the set of such morphisms by £{Ha, Kf}). 

Lemma 3.2. Let fj, be a faithful KMS-state on a C* -algebra B and let Ha be a C* -fi-module. 
i) a is a right Hilbert C* -B-module with inner product given by (^If) = C*C for o,^^ 

ii) There exist isomorphisms a Q Hf^ H , ^ © ^ i-^ and Hfj, Q a ^ H , Q (, i-^ 
Hi) There exists a nondegenerate representation pa : B°^ ^{H) such that Pa{b°^){^() = 

^b°''C for allbe B, ^ea, (e H^. 
iv) Let K/s be a C* -p-module and T e C{Ha,Kp). Then left multiplication by T defines an 

operator in £B{ct,l3), again denoted by T, and Tpa{b°^) = pf}{b°^)T for all be B. □ 

Definition 3.3. Let fii, . . . , pn be faithful KMS-states on C* -algebras B\, . . . , B„. A C*- 
(/ii, . . . , /in)-module is a tuple {H,ai, . . . ,an), where H is a Hilbert space and {H,cii) 
is a C* - Pi -module for each i = l,...,n such that ypai{B°^)aj\ = aj whenever i ^ j. 
The set of morphisms of C* -{p\, . . . , pn)-modules {H,ai, . . . ,a„) and {K, f3i, . . . , f3„) is 
C{(H, ai, . . . , (7^, . . . , /?„)) := nr=i ^(Hc, ,Kp^)c £{H, K). 

Remark 3.4. Let pi,...,p„ be faithful KMS-states on C*-algebras Bi,...,B„ and let 
{H, ai, . . . , Q,i) be a C*-{pi, . . . , /i„)-module. Then {B°^) c C{Haj ) whenever i 5^ j; in 
particular, [pai{B°^), pa^ {B°^)\ = whenever i jt j. 
Next, we define C*-algebras over KMS-states. 

Definition 3.5. Let pi, . . . , pn be faithful KMS-states on C* -algebras B\, . . . , B„. A C*- 
{pi, . . . , /in)-algebra consists of a C* -{pi, . . . ,p„)-module {H,ai, . . . ,a„) and a nondegen- 
erate C* -algebra A c C{H) such that [pai{B°^)A\ c A for each i = 1, . . . ,n. In the 
cases n = 1,2, we abbreviate A^ '■= {Ha, A), A°^^ := {{H,a, P), A). A morphism between 
C* -{pi, . . . , p„)-algebras {{H, ai, . . . , a„). A) and {{K, 71, . . . , 7„), C) is a nondegenerate *- 
homomorphism (j>: A ^ M{C) such that for each i = 1, . . . ,n, we have [I^^iai] = 7^, where 
I<l>,i '■= {T e C{Hai, K^^) I Ta = 4'{a)T for all a e A}. We denote the set of all such 
morphisms by Mor(((ff,ai, . . . , a„). A), {{K, ),C)). 

Remark 3.6. If <^ is a morphism between C*-/x-algebras and CJ,, then (f>{pa{b°'^)) = 
p^{h°'P) for all 6 6 B; see [I6l Lemma 2.2]. 
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The C*-module of a compact C*-quantum graph To proceed from compact C*- 
quantum graphs to compact C*-quantum groupoids, we need several C*-module structures 
arising from the GNS-Rieffel-construction in Lemma [2.21 

Lemma 3.7. Let fj, be a faithful KMS-state on a unital C* -algebra B, let {r,(j)) be a C*- 
li-module structure on a unital C* -algebra A, and put u := ji o (j), H := H^, a '■= [AQ, 
13:= [A-^'C]- 

i) aH/s w a C* -{n, jj,"'') -module and pa = r°^ , p/s = r. 
a) A§j IS a C* -pL°^ -algebra. 

Ill) a°P(, = a''_i/2{a)C for all a e Dom{a'li/2) ^ r{BY. 

iv) A + {An r{BY)°^ c £{Ha) and A°^ + (A n r{B)') c £(//^). 

Proof, i) Lemma 12.21 immediately implies that _ffa is a C*-/x-module and that Hf^ is a 
C*-/i°''-module. The equations for pa and pp follow from the fact that by Lemma 12.21 
p&{b°P)aC = aCb°P = ar{b)°PC = r{b)°PaC, and Pf,{b)a°PC = a°PCb = a°^r{b)C = r{b)a°^C for 
aU 6 e B, a e A. In particular, [p&{B°'')f5] = [r{By^A°^Q = (3 and [pi3{B)a\ = [r{B)AC] = 
a, whence sHf} is a C*-(/i, /i°'')-module. 

ii) Byi), [pp{B)A]=A. 

iii) For aU a e r{B)' n Dom((T;^j^2) s^^id be B, 

a°\K^{b) = A,{r{b)a-_,j.,{a)) = A, (a':,/2(a)r(6)) = a^,/2(a)CAM(b). 

iii) We only prove the first inclusion, the second one follows similarly. Clearly, [AS] = a. 
Since at{r{B)) c r{B) for all t e M., the subspace C := Dom{a'^^^2) '''{B)' is dense in 
A n r{B)\ and by iii), [{A n r(B)')°''3] = [CAQ = [ACQ c [AQ = a. □ 

Proposition 3.8. Let {B, p,, A,r, tf), s,^, 5) be a compact C* -quantum graph. Put u := pocp, 
v^^ := o ip = vs and 

H:=H,, a:=[^C^], /3 := [A°^C^], P := [AC^], a := [A'^'C^]. (3) 

i) {H, a, (3, (3, a) is a C*-{p, p°^, , p,)-module and ps, = r°^ , p/s = r, p^ = , pa = s. 
It) A'^j'^ IS a C* -{p, p°^)-algebra. 

iii) Let R be a coinvolution for {B, p, A,r,(j), s,tp, 5) and let L : Hi, H^, be given by 
A^-i(a) 1-^ A^{R{a)*). Then IC^J^ = (i,, IC^J^ = C</> and I(3J^ = a, Lf3J^ = a. 

Proof, i), ii) Immediate from Lemma [3.71 

iii) We have IC,^J^ = (,4, because for all b e B, 

/Cv.^mAm(&*) = /Cv,A^op(6°f) = lA^-iisib"")) = A.{R{s(b'"'))*) = A.(r(6*)) = C^A^(6*). 

The remaining assertions follow easily. □ 

The relative tensor product of C*-modules The relative tensor product of C*- 
modules over KMS-states is a symmetrized version of the internal tensor product of Hilbert 
C*-modules and a C*-algebraic analogue of the relative tensor product of Hilbert spaces 
over a von Neumann algebra. We briefly summarize the definition and the main properties; 
for details, see [171 Section 2.2]. 

Let p be a faithful KMS-state on a C*-algebra B, let His be a C*-/i-module, and let 
K-f be a C*-p°^ -module. The relative tensor product of Hp and K-y is the Hilbert space 
Hfsi^jK := f3 Q Hn @ 7. It is spanned by elements ^ © ^ @ r;, where ^ e f3, ( e H^j,, rj e y, 
and the inner product is given by <^ @ C @ v\^' ® C' © v'} = <CIC*?'»7*VC'> = (Qv*v'C^'C} 
for all e,^'6/3, (,C eH^,v,v' ej- 
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Obviously, there exists flip isomorphism 

T.: Hi3®^K ^ K^®I3H, ^©C©v^V©C©^- (4) 

The isomorphisms l3 Q = //, ^ © C = s-nd ©7 = if, C@C = Tj(, (see Lemma 
13. 2p induce the following isomorphisms which we use without further notice: 

Using these isomorphisms, we define the following tensor products of operators: 

Sp0^T ■.= SQTe£{f3 Qp^ K) = C{Hi3®^K) for all S e C{H^), T e p^{B)' c C{K), 
Sfi®-yT ■.= SeTe £{Hp^e^) = £{Hp®^K) for all S e ppiB"")' c £{H), T e £{Kp). 

Note that 5 @ T = 5* © idQT = S © T for all 5 e /:(//^), T e £{K^). 
For each ^ e P, rj e y, there exist bounded linear operators 

\0i ■■ K ^ Hfi®-,K, ij^^Qoj, <C|i := lOi*: e'®'-' ^p7(C*eV, 

|r?>2 : H H,3®^K, lo ^ u©ri, <ry|2 := |?7>| : uQt)^ pi3{r]*r]')Lo. 

We put |/3>i := {lOi 1^6/3} and similarly define </3|i, |7>2, <7|2- 

Assume that J) = {H,ai, . . . ,am, l3) is a C*-(o"i, . . . , (Jm, /i)-module and that ^ = 
{K, 7, 5i, . . . , 5„) is a C*-{p°^ , ri, . . . , r„)-module, where cti , . . . , a™,, ti, • ■ • , Tn are faithful 
KMS-states on C*-algebras A\, . . . , Am, Ci, . . . , Cn- For i = 1, . . . , m and j = 1, . . . , n, put 

a, < 7 := [|7>2a,] c £{H„^, H p®^K), (3 > 6,:= [\P}iSj] c £{H^^ , H ,i®^,K). 

Then the tuple := {Hp^^K, ai <i 7, . . . , q,„ < 7, /? xSi, . . . , /? i>(S„) is a C*-(cri, . . . , (Jm, 

/J 

Ti, . . . , r„)-module, called the relative tensor product of and ^. For all i = 1, . . . , m, a e 
and j = 1, . . . , n, ce Cj, 

p(a,<f){a°'') = Pa; (a°'')/3®7 id, P(/3^5j) (c°'') = id^(g)^p5^ (c°''). 

The C*-relative tensor product is bifunctorial: If f) = {H , ai, . . . , Om, P) is a C*- 
((71, . . . , (Jm, At)-module, ^ = {K,^,Si, .. .,S„) a.C*-{p°^, ri, . . . , r„)-module, and 5* e £(9),?}), 
T e £{R, k), then there exists a unique operator S ®T e £{?) ® ® ^) such that 

H MM 

(5'(8)T)(C ® C © »?) = ® C © Tt? for aU C e /?, C e 77 e 7. 

M 

The C*-relative tensor product is unital in the following sense. If we consider B,B°^ 
embedded in £{Hp) via the GNS-representations, then the tuple il := {H^,B,B°'^) is a 
C*-(/i, /i°'')-module, and the maps 

are isomorphisms of C*-(cri, . . . ,am,p)- and C*-(/i°'', n, . . . ,r„)-modules Sj <S)U = S) and 

M 

a® ^ = ^, natural in and ^, respectively. 

M 

The C*-relative tensor product is associative in the following sense. Assume that 
V, pi, . . . , pi are faithful KMS-states on C*-algebras D,Ei, . . . ,Ei, that M = {K, 7, 5i, . . . , 5„, e) 
is a C*-(p°^ , Ti, . . . , r„, j^)-module, and £ = (L, 0, V'l, • • • , V'O a C*-{v°^ , pi, . . . , p;)-module. 
Then the isomorphisms of Hilbert spaces 

{Hfi®^K)i3^,®4,L ^f3Qp-, Kp,©(t>^ Hfi®^^4,{K,®4,L) (5) 
are isomorphisms of C*-(cri, . . . , (t,„, ri, . . . , t„, pi, . . . , p;)-modules {9)®k)®£, = 9)®{k®S,). 

p u p. u 

We shall identify the Hilbert spaces in ([5]) without further notice and denote these Hilbert 
spaces by H fj®^K^®^L. 

We shall need the following simple construction not mentioned in [17) : 
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Lemma 3.9. Let Hp, be C* -fi-modules, K-,, Kx, C* -yL°^ -modules, and I: H ^ H, 
J: K ^ K anti-unitaries such that 7/3 J^j = f3 and JjJfj. = 7. 

i) There exists a unique anti-unitary Ip^-fJ : Hp^.yK Hjj®^K such that 

{Il3®iJ){i ©(©V) = I^Jf^ @ ^mC © JvJf^ for all^el3,(e H^,, TjE'y. 



') {h®-iJ)\0^ = mJt,}iJ and {Ii3®^J)\ri)2 = \JvJt^)2l for all ^ e (5, i] e 7. 



Ill) {l0®jJ){S,3®jT) = {ISI*i3®^JTJ*){l0®^J) for all S e C{Hfi), T e C{K-,). 

Proof, Straightforward. □ 

The fiber product of C*-algebras The fiber product of C*-algebras over KMS- 
states is an analogue of the fiber product of von Neumann algebras. We briefiy summarize 
the definition and main properties; for details, see [171 Section 3]. 

Let be a faithful KMS-state on a C*-algebra B, let be a C*-^-algebra, and let 
be a C*-pi°''-algebra. The fiber product of A^^j and C^- is the C*-algebra 

Ap^^C := {x e £.{Hp®-,K)\x\/3)i,x^\p}i c [\/3)iC] and a;|7>2, a;* |7>2 c [|7>2A]}. 

If A and C are unital, so is A/3*ryC, but otherwise, Ap-i^C may be degenerate. 
Conjugation by the fiip E: Hpi^-yK K^^i^H in @ yields an isomorphism 

Kd^: Afs^^iC ^ C^^fjA. (6) 

Assume that 21 = {H, ai, . . . , Qm, /3, A) is a C*-((ti, . . . , Om, /i)-algebra and 2 = [K, 7, 5i, 
...,&n,C) a,C*-{fj,°'',Ti, . . . , r„)-algebra, where cri, . . . ,a,n,Ti, . . . ,Tn are faithful KMS-states 
on C*-algebras Ai, . . . , Am, C'l, . . . , C'„. If Apf^C is nondegenerate, then 

21 * C := {{Hi3®^K, Qi <i 7, . . . ,Qm < 7,/3 > 5i, . . . ,/3 > &„), A/^-^^C) 

is a C*-((Ti, . . . , Om, ri, . . . , T„)-algebra, called the fiber product of 21 and 

Assume furthermore that 21 = {H, Si, ... , fim, /3, A) is a C*-{g\, . . . , a™, A')"8'lgsbra and 
1= {K,^,6i,..., 6n, C) is a C*-(/i°*', n, . . . , T„)-algebra. Then for each </> e Mor(2l, 21) and 
■0 e Mor(£, £), there exists a unique morphism 

* V 6 Mor(2t * ff, 21 * £) 

such that ((^*i/;)(a;)(S^®^r) = {Sp(S)jT)x for all a; e Ap^^C, S e C{Hp, H^), T e C{K^, K^) 
satisfying Sa = (t>{a)S and Tc = ip{c)T for all a 6 ^4, c e C. 

A fundamental deficiency of the fiber product is that it need not be associative. In our 
applications, however, the fiber product will only appear as the target of a comultiplication, 
and the non-associativity of the former will be compensated by the coassociativity of the 
latter. 

We shall need the following simple construction not mentioned in [17) : 
Lemma 3.10. Let A%, i| be C* -^-algebras, C]^, C]^ C* -11°" -algebras, and R: A ^ A°p, 
S: C ^ *-homomorphisms. Assume that I: H ^ H and J : K ^ K are anti-unitaries 
such that ipjf^ = f3, R{a) = I*a*I for all a e A, and J'yJfj, = 7, S{c) = J*c*J for 
all c e C. Then there exists a *-homomorphism R/b^^S: Ap^^C — > {Ajj^xjC)"^ such that 
{Rl3*jS){x) := (7/3g)-),J)*x*(7/3g)7 J) for all x e A/s^^C. This f-homomorphism does not 

depend on the choice of I or J. 

Proof. Evidently, the formula defines a *-homomorphism Rp^-yS. The definition does 
not depend on the choice of J because (C|i(^/3*75)(x)|^')i = J*<7^J^|ix*|7^'Jfi>i J = 
5'((7^' |ia;|7^J^)i) for all x e Ap^^C by Lemma 13.91 iil. and a similar argument shows 
that it does not depend on the choice of 7. □ 
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4 Compact C*-quantum groupoids 



In this section, we introduce the main object of study of this article — compact C*-quantum 
groupoids. Roughly, a compact C*-quantum groupoid is a compact C*-quantum graph 
equipped with a coinvolution and a comultiplication subject to several relations. Most 
importantly, we assume left- and right-invariance of the Haar weights, the existence of a 
modular element, and a strong invariance condition relating the coinvolution to the Haar 
weights and to the comultiplication. 

We proceed as follows. First, we discuss the appropriate notion of a comultiplication 
and recall the notion of a Hopf C*-bimodule, of bounded invariant Haar weights, and of 
bounded counits. Then, we introduce and study the precise definition of a compact C*- 
quantum groupoid. Finally, we show that the modular element can always be assumed to 
be trivial, and that the Haar weights are unique up to scaling. 

Hopf C*-bimodules over KMS-states Throughout this paragraph, let /i be a faith- 
ful KMS-state on a C*-algebra B. 

Definition 4.1 ([I?]). A comultiplication on a C* -{/i, fi°^)-algebra A'^^ is a morphism 
A e Mor(y4^''^, A^''' * A"^^) that makes the following diagram commute: 

A - ^Aa^pA 

^|.id *A 

A Aa*is^is[Aa* 13A) 

f 

Ac,*fiA {Ac*fiA)^,^*pAc^ C{Hc*f,Hc*f,H). 

A Hopf C*-bimodule over ^ is a C* -{n, fj,°^)- algebra together with a comultiplication. 

The following important invariance conditions will be imposed on the Haar weights of a 
compact C*-quantum groupoid: 

Definition 4.2. Let {A'^'^ , A) be a Hopf C* -bimodule over fi. A bounded left Haar weight 
for {A'^^,A) is a non-zero completely positive contraction (j): A^ B satisfying 

i) cj>{^pi3{b)apfj{c)) = b(j){a)c for all a e A and b,ce B, 

ii) 0«e|iA(a)|Oi) =ep^{(l>{am' for allaeA and e a. 

A bounded right Haar weight for [A'^^,A.) is a non-zero completely positive contraction 
^ : A — > B°^ satisfying 

i)' i,{p^{b''P)apa{c°^)) = b°PiP{a)c°'' for all a e A and b,ceB, 

li)' i/)«»7|2A(a)|77'>2) = Tj* pa{ip{a))r]' for all a e A and r),r)' 6 (3. 

Remarks 4.3. Let (^1^'".^) be a Hopf C*-bimodule over p. 

i) If is a bounded left Haar weight for {A°^^ , A) , then pf30(j): A p/3(®) is a conditional 
expectation. 

ii) If (p: A ^ B satisfies condition ii) and if [{a|iA(A)|a)i] = A, then (j) also satisfies con- 
dition i) because </.(p^(6)<e|iA(a)|OiP/3(c)) = <^«C6|iA(a)|C'c>i) = b*^ P/siHc^m'c = 
b*(^«C|iA(a)|Oi)c for all a e A, b,c e B, e a. 

Similar remarks apply to bounded right Haar weights. 

The notion of a counit of a Hopf algebra extends to Hopf C*-bimodules as follows. 
Definition 4.4. Let {A'^'^ , A) be a Hopf C* -bimodule over p. A bounded (left/right) counit 
for [A'^^ , A) is a morphism e E Mor i^A'^^ , C{Hfj,)^'^ ) satisfying (the first/second of) the 
following conditions: 
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i) e«7?|2A(a)|?7'>2) = ??*ar?' for all a e A and r],rj' e /3, 

It) e«C|iA(a)|Oi) = for all a e A and e a. 

Remark 4.5. i) Condition i) and ii), respectively, hold if and only if the left/the right 
square of the following diagram commute: 

Aa*,3A ^ A ^ Aa*l3A 

E*id| I |id*E 

C{H^)B*fiA C{H^B®pH) ^ C{H) ^ CiH^^B-vH^) ^ Ac,*bopC{H^). 

ii) A standard argument shows that if a bounded left and a bounded right counit exist, 
then they are equal and a counit. 

Compact C*-quantum groupoids Given a compact C*-quantum graph {B, ^, A, r, (f>, 
s,^,5) with coinvolution R, we use the notation introduced in Proposition 13.81 and put 
v := fj. o (j), := ^1°^ o ip = Us, J := = J^-i , 

H:=H^, S:=[AC^], I3:=[A°^<:A P ■■= [AQA, := [A"^ (^^], (7) 

and define an antiunitary I : H H hy /A^-i(a) = A^{R{a)*) for all a e A. Since 
laJ^ = /3, ipjfi = a, and R{a) = la* I for all a 6 A, we can define a *-antihomomorphism 
Ra*pR: Aa-^pA A,3*aA by 2; i-> (I a ® III)* X* (I a (Lemma ISTTO)) . 

The definition of a compact C*-quantum groupoid involves the following conditions that 
are analogues of the strong invariance property known from quantum groups: 

Lemma 4.6. Let {B , /i, A,r, tf), s,il}, 5) be a compact C* -quantum graph with a coinvolution 
R and a comultiplication A for A'^^ such that {Ra*i3R) o A = Ads oA o R. Then 

i?«C^|iA(a)(d°'',®0l)|Cv,>i) =<C.^,|2(lc®/3i?(d)°'')A(ii(a))|C0>2 foralla,deA. 
Proof. Let a,d e A. By Lemmas 13.91 and 12.71 

<C^|2(la(8)/3J?(d)°^)A(ii(a))|C^>2 =<C0|2(l«®;3/(d°'')*/)E(/,(8)^/)A(a)*(J,(8)^/)*SK^>2 

= ((;MIo.®i3l){{d''n*c®^l)A{a)*\IC^J^)^I 
= /<C^|i((d°n%®^l)A(a)*|C^>i/ 

= ii«Cv,|iA(a)(d°'',(g)^l)|Cv,>i). □ 

As a direct consequence, we obtain the following result: 

Lemma 4.7. Let {B , /i, A,r, tf), s,tp, S) be a compact C* -quantum graph with a coinvolution 
R and a comultiplication A for A'^^ such that {Ra^pR) o A = Ad^ oA o R. Then the 
following two conditions are equivalent: 

i) i?«C^|iA(a)(d°f„(8)/3l)|C*>i) =<C^|i(a°''c,(8);3l)A(d)|C^>i foralla,deA. 

It) i?«C,/.|2A(a)(lc®;3d°'')|C0>2) = (<:4,i,Mpa'"')A{d)\C4>}2 for all a,d e A. □ 

Now we come to the main definition of this article: 

Definition 4.8. A compact C*-quantum groupoid is a compact C* -quantum graph [B, /i, A, 
r,(j), s,ip,5) with a coinvolution R and a comultiplication A for A°^^ such that 

[A(A)|a>i] = [|a>iA] = [A(A)|C^>iA] and [A(^)|/3>2] = [|/3>2A] = [A(A) |C^>2 A]; 

ii) (j) is a hounded left Haar weight and tp a bounded right Haar weight for [A°^^ , A); 

III) ii«Cv.|iA(a)(d°f„®,al)|C^>i) = {C,i,\i{a°^c®f}l)A{d)\C,^yi foralla,deA. 
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Let us briefly comment on this definition. The coinvolution R is uniquely determined by 
condition iii) . The Haar weights are unique up to some scaling, as we shall see at the end of 
this section. At the end of the next section, we will see that {Ra^pR) o A = Ads oA o _R; in 
particular, the modified strong invariance condition in Lemma l4.7l ii) holds by Lemma 14.71 

From now on, let (B, ^, A, r, (f),s,^, S, R, A) be a compact C*-quantum groupoid. 

Lemma 4.9. {a e A n r{B)' \ A{a) = lc®;3a} = s{B°^) and {a e A n s{B°^y \ A(a) = 
ac®fjl} = r{B). 

Proof. We only prove the first equation. Clearly, the right hand side is contained in the left 
hand side. Conversely, if o e A n r{B)' and A(a) = laL®i3a, then a = <(^^|iA(a)|Cj/;)i = 
s(7/)(a)) by right-invariance of tp. □ 

The conditional expectation onto the C*-algebra of orbits Let us study the 
maps r = Vor: B ^ Z{B°^) ^ Z{B) and = o s : B°'' Z(B) ^ Z{B°'P) introduced in 
©). First, note that r(6) = r^h""^) for all fo e B by Lemma [TTlu'l. 

Proposition 4.10. The maps r and are conditional expectations onto a C* -subalgebra 
of Z{B) = B nB°P and satisfy 

s o T = r o T, a'^ oT = T for all f e R, 

r o = o i/j, T{bo''t-^2{^)) = '^{d'^1i/2{'^)) f^^ '^^^ b,d e Dom(o-^^^2)- 

The proof involves the following equation: 
Lemma 4.11. For all b,c,e e B and d e Dom{a'^-^2) > 

<C^|iA(r(b)s(c°-))((r(d)s(e°-))°'',(g)^l)|Cv,>i=r(r(fea^:,^2(d)))r(e)s(c°''). 
Proof. Let 6, c, d, e as above. Then 

(C^UA{rib)s{c°n){irid)sie°nro.0^m^)i=(C^^^^^^ 

= P0{C^r{b)r{drs{e'"'rC^)s{c''n 
= r{C*r{b)r{dr<:^e)s{c°''), 

and by Lemma|3j]iu), Qr{b)r{drC^ = Qr{ba^_^^,{d))(;^ = T{ba^_^^,{d)). □ 

Proof of Proposition \4.1lJ\ The left- and right-invariance of (j) and imply that for all a e A, 

<l>is{i>{a))) = C>(^(a))C0 = C*<C^|2A(a)K^>2Cv- 

= C|<C^|iA(a)|C^>iC| = C>W)K^ = i'iriHa))). 

Therefore, otp = t o <f) and t o t = o t = o [ip o r) = TO(l>or = r. Next, sor = r or 
because for all b e B, 

s{i>{r{b))) = <C^|iA(r(fe))|C^>i = <C^|i(r(fe)„®0l)K^>i = P/3(CX&)C^) = r(^(r(6))). 

In particular, we find that for all b,c,d e B, 

r{b)T{c)T{d) = T{b)iP{r{c))T{d) = Tp{s{T{b))r{c)s{T{d))) = 4i{r{T{bcd))) = T{bcd). 

Therefore, r is a conditional expectation onto its image. 

Let t e R. Then erf (r(_B)) c t{B) because erf o r = ott o ip o r = ip o o'Lt o r = 
■i/)o erf or = i/)oro(Tf. Since v := ^l\T^B) is a trace, we can conclude from Lemma [2.2l i') that 
(T( o r = r o (Tt = r. 

Finally, let b,de Dom((jf ^^j). By Lemma 14.111 and condition iii) in Definition 14.81 

r(r(baf,/2(rf))) = <C*|iA(r(6))(r(d)°^(8)^l)|C^>i 

= i?«C^|iA(r(d))(r(&)°''.(8)^l)K^>i) = s(r(daf^/,(&))). 
Since s o t = r o t and r is injective, we can conclude r(6(jf ^ ^(d)) = r(d(Tf ^ ,2(&)). □ 



12 



The modular element The modular element of a compact C*-quantum groupoid can 
be described in terms of the element 

9 := (j>{S) = ^P{S-'') e B n B"" 

(see Lemma 12.51 and Lemma l2.7l i)) as follows. 
Proposition 4.12. 5 = r{e)s{e)-'^ and A{S) = S^i^pS. 

Proof. By Lemma 12.51 i). the element 5 := r{9)s{d)~^ is positive, invertible, and invariant 
with respect to cr". Moreover, u~^{a) = u{3^^^aS^^^) for all a e A because 

iy-\s{ey'''as{e)^'^) =/i°''(6l'''V(a)e'''') = {fi o cj, o s o ^){a) 

= o 1/, o r o <^)(a) = ^i(6l'''V(a)e'''^) = /^(r(e)'/^ar(6»)'''^) 
for all a e yl by Proposition 14.101 and Lemma 12.51 ii). Now, 5 = 5 hy Lemma 12.31 iii). and 

A{S) = r{e)c,®^s{e)-^ = r{e)p^{e-^)^®ppi3{e)8{e)-^ = 5^®pS because e e z{b). □ 

An important consequence of the preceding result is that for every compact C*-quantum 
groupoid, there exists a faithful invariant KMS-state on the basis: 
Corollary 4.13. /ie o = {pig)°P o i/;. 

Proof. For aU a 6 A, we have ^{6^'^ 4>{a)e^l^) = iy{r{ey'^ar{ey''^) = iy-^s{ey'^as{ey'^) = 

This result implies that in principle, we could restrict to compact C*-quantum groupoids 
with trivial modular element 5 = 1a. We shall not do so for several reasons. First, the 
treatment of a nontrivial modular element does not require substantially more work. Second, 
the freedom to choose the state /i might be useful in applications. Finally, we hope to 
prepare the ground for a more general theory of locally compact quantum groupoids, where 
the modular element can no longer be assumed to be trivial. 

The KMS-state fj, can be factorized into a state v on the commutative C*-algebra t{B) c 
Z{B) and a perturbation of r as follows. We define maps 

Tg-i : B t{B), b Tie-^i^e-"^'^), V = pg\r(B) ■■ t{B) ^ c, 6 p{e''^be''^). 

Note that r(6l-^) = 1 because 6 = cj>{S) = (l){r{e)s{e)-'^) = 6T{e-^). 
Proposition 4.14. /j. = v o Tg-i . 

Proof By Propositions ITTU] and \m\ we have ^(fe) = u{r{b)) = {5-^^^r{b)5-^/^) = 
p°^{e^'^i}{r{e-^'^be-^''^))e^'^) = {voTg-i){b) for allbeB. □ 

Uniqueness of the Haar weights A central result in the theory of locally compact 
(quantum) groups is the uniqueness of the Haar weights up to scaling. In this paragraph, we 
prove a similar uniqueness result for the Haar weights of a compact C*-quantum groupoid. 

The Haar weights of a compact C*-quantum groupoid can be rescaled by elements of B 
as follows: For every positive element 7 e B°^ , the completely positive contraction 

: B, a (j){s{'yf''^as{'^f''^), 

is a bounded left Haar weight for {A°^^ , A) because for all a e yl and ^, ^' e a 

<^.(^)«C|iA(a)|Oi) =<^«C|i(U®,3s(7)^/^)A(a)(l„(8),as(7)^/^)|Oi) 
= <^«C|iA(s(7)'^'«s(7'^'))le'>i) = e^si,){a)£,'. 
Likewise, for every positive element ^ e B, the completely positive contraction 

V'r(7) : A B°^, a 1-^ ip{r{'yy^^ar{^y''^), 
is a bounded right Haar weig ht for {A'^'^,A). 
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Theorem 4.15. Let (j>, "tp, S be such that [B, jj,, A,r, (j), Sjip, 5) is a compact C* -quantum 
graph. 

i) If (j) is a bounded left Haar weight for (A^''', A), then = (j)-y, where 7 = 
ii) If 4> a bounded right Haar weight for {A'^^,A), then 'ip = ip^f, where 7 = (l>{5)6~^ . 

Proof. We only prove i), the proof of ii) is similar. Put 1/ := /J-ocj), v^^ := fi°''oip, 9 := ip{S^^). 
Let ae A. Then 

Hsma))) = 0«C^|iA(a)K^>i) = V(r(<^(a))). (8) 
We apply jj, to the left hand side and find, using Lemma [2.51 ii). 

£'(s(V'(a))) = = iy'\s{e)^'^as{e)^''') = u(S^'^ s{ef'^as{ey'^5'^'^) . 

Next, we apply /i to the right hand side of equation ^ and find 

u-\r{4>{a))) = ^loWa)) = i>{r(9)''\r{9)''^) . 

Since the left hand side and the right hand side of equation (|8]) are equal and 5 = r{9)s{9)^^ , 
we can conclude i'(d) = !/(s(7)^''^ds(7)^''^) for all d e A and in particular 

fi{b*4>{a)) = i>{r{bfa) = //(s(7)'^V(6)*as(7)'''') = ^i(&*(^(s(7)'^'as(7)'''')) 

for all 6 6 -B, a e A. Since fj, is faithful, we have 0(a) = 0(s(7)'''^as(7)'/^) for all a e A. □ 

5 The fundamental unitary 

In the theory of locally compact quantum groups, a fundamental role is played by the mul- 
tiplicative unitaries of Baaj, Skandalis il, and Woronowicz [22]: To every locally compact 
quantum group, one can associate a manageable multiplicative unitary, and to every man- 
ageable multiplicative unitary two Hopf C*-algebras called the "legs" of the unitary. One 
of these legs coincides with the initial quantum group, and the other one is its generalized 
Pontrjagin dual. Moreover, the multiplicative unitary can be used to switch between the 
reduced C*-algebra and the von Neumann algebra of the quantum group. 

Similarly, we associate to every compact C*-quantum groupoid a generalized multiplica- 
tive unitary. More precisely, this unitary is a regular C*-pseudo-multiplicative unitary in 
the sense of [T^ ■ The first application of this unitary will be to prove that the coinvolution 
of a compact C*-quantum groupoid reverses the comultiplication. The second application 
will be to associate to every compact C*-quantum groupoid a measured quantum groupoid 
in the sense of Enock and Lesieur The third application, given in the next section, 

will be to construct a generalized Pontrjagin dual of the compact C*-quantum groupoid in 
form of a Hopf C*-bimodule. Finally, one can use this unitary to define reduced crossed 
products for coactions of the compact C*-quantum groupoid as in [161 . 

C*-pseudo-multiplicative unitaries The notion of a C*-pseudo-multiplicative uni- 
tary extends the notion of a multiplicative unitary [1], of a continuous field of multiplicative 
unitaries [2, and of a pseudo-multiplicative unitary on C*-modules [lUI 118] , and is closely 
related to pseudo-multiplicative unitaries on Hilbert spaces [5T]; see [171 Section 4.1]. The 
precise definition is as follows. Let /i be a faithful KMS-state on a C*-algebra B. 

Definition 5.1 (Hi]). A C* -pseudo- multiplicative unitary over consists of a C'*-{fi°^, ji, jJ,"^)- 
module {H, I3,a, l3) and a unitary V: H j^^aH Ha®i3H such that 

V{a<a)=a>a, V > (5) = ji < fi, V{P>P)=a>j3, V (/3 < q) = /? < /? (9) 
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and the following diagram commutes: 



H^®c,Hii®aH . 



V 



.id 



where S23 denotes the isomorphism 



Ha®pHa®l3H, 

Va<a®p id 

{H^®^H)^,^®pH (10) 
S23 

{Ha®i3H)0^^®o,H 

®pH, 



(C © C) © 1-^ (C © '?) @ ^■ 



Given a C* -pseudo-multiplicative unitary [H, j3, a, /3, V), we adopt the following leg notation. 
We abbreviate the operators V^^^(S>aid anrf Vc«4a®/3 id by V12, the operators ida®/3^aV and 
id j^®a<aV by V23, and (id ^(H)a&a S)Vi2S23 by V13. Thus, the indices indicate those positions 
in a relative tensor product where the operator acts like V . 

Let {H, (5, a, 13, V) be a C*-pseudo-multiplicative unitary. We put 

A{V) := [</3|2\/|a>2] c C{H), A{V) := {{a\rV\P}i] ^ C{H). 

These spaces satisfy A(V^) c C{Hp) and ^(V^) c C(^Hj^), so that we can define maps 
Kv: C{H'®o.H), a ^ V* {U®i3a)V, Av : A ^ C{Hc®0H), a ^ V {as®cl)V* . 

Definition 5.2 ([IZ]). We call a C* -pseudo-multiplicative unitary (H , (3,a, I3,V) regular 

i/ [<Q|iV"|a>2] = [aa*], and weU-behaved i/ (1(V)§°, A^) and (yl(V)^''', Av) are Hopf 
C* -bimodules over and n, respectively. 

Theorem 5.3 ([IZ]). Every regular C* -pseudo-multiplicative unitary is well-behaved. 
Let {H, (3, a, (3, V) be a C*-pseudo-muhiphcative unitary. We put 



V° 



Then {H, /3, a, I3,V°^) is a C*-pseudo-multiphcative unitary over jj."^, caUed the opposite of 
{H, (3,a, l3,V) iTTl Remark 4.3]. One easily checks that is regular if V is regular. 

The fundamental unitary of a compact C*-quantum groupoid Throughout 
this section, let {B, ji, A, r, 0, s, ip, S, R, A) be a compact C*-quantum groupoid. We use the 
same notation as in the preceding section. 

The main result of this paragraph is the following theorem. 

Theorem 5.4. There exists a regular C* -pseudo-multiplicative unitary {H, f3, a, P,V) such 
that l/|a("^)i = A{a)\(^yi for all a e A. 

We prove this result in several steps. Til the end of this section, we fix a compact 
C*-quantum groupoid {B, ^, A, r, s, tp, 5, R, A) and use the same notation as in Section|4l 

Proposition 5.5. i) There exists a unique unitary V : H p®aH Ha®f)H such that 
V|aC^>i = A(a)|C^>i for all a e A. 
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ii) V{aC,, © d'"'Cp) = A(a)(C. © d°^C</.) for all a,deA. 

Ill) V{P>I3) = I3< (3, V{I3>P) =at>P, V{P>a) = a > a, V(q<i a) = a< /?. 
Proof, i) Let a e A, r] e l3, e H^. Since -0 is a bounded right Haar weight for [A"^^ , A), 
<A(a)(C^ @ C © 77)|<A(a)(C^ @ C © »?) V„<2,^/f) = <C|C*<r?|2A(a*a)|r7>2C^O 

= <C|^*Pa(C*a*aC^)0 

Therefore, there exists an isometry V : H j^^aH Ha<S)pH such that V|a("^)i = A(a)|(^^)i 
for all aeA. Since [A(A)|/?>2] = [|/3>2A], 

V0< /3) = [V\A(;^}il3] = [A(A)|C^>i/3] = [A(A)|/3>2C^] = [|/3>2AC^] = ^< /3. 

In particular, V is surjective and hence a unitary. 

ii) By Proposition 14.121 we have for all a,d e A 

V{aC, © d'^'C^) = V{a5-^'\^(:,, © d°PC^) 
= V{aS-''\^Qd''^C,-i) 
= A{aS-''^){C^©d°P5''\,) 

= A{a){S-^'\^pS-^^^){C-i © d'"'S^^\^) = A(a)(C. © d'^'C^). 

iii) The first relation was already proven above. Since [A(A)|(^^)iA] = [|a)iyl], 
V{P>P) = [V0yiAC^] = [VlAC^yiAC^] = [A(A)|C^>iAC^] = [|a>iAC^] =a>p 

and similarly V{f3 > a) = a > a. Finally, by ii), for all 6 E B and a,d e A 

V\a°'X^y2d(:^b(^, = V(dr(6)C. © a'^'Cv) = A(dr(6))(C,. © a "(4,) 

= A(d)(r(6)C. @a°''C0) = A(d)|a°PC./.>2C^&CM 

and hence [V\a}2a] = C^>2AC0] = [A(A)|A°''C^>2C0] = [A(A) |/3>2C^] = [|/3>2AC0] = 

S< /?. □ 

The strong invariance condition on the coinvolution yields the following important in- 
version formula for the unitary V constructed above. 

Theorem 5.6. V* = {J a® i3l)V{J pi)- 

Proof. Put V := {Jc ®0l)V{Ja <8ii3l). Then for all a,b,c,deA 

= <C^ © C-i|A(a*)(c°''„(g)^l)(C^ © (6°'')*d°''C.)> 
= <C-i|<Cv'|iA(a*)(c°''.®;5l)|C^>i(d&*)°''C.>, 
<aC^ © b°''C-i [Vic^^C-i © d°''C0)> = <(a*)°''C^ @/fe°PC-i|V^(c*C-i ©/d^^C^)) 

= <C</. © J6°^C-i|(a°''c®/3l)A(c*)(Cv. ©/d°PC^)> 
= <Cv. ©^C.-i|(a°''c,®;3l)A(c*)(C^ @/(6°p)*d°PC-)> 

= </C-i|<C^|i(a°''<.®/3l)A(c*)|C^>i/(d&*)°PC.> 
= <C-iK<Cv-|iK'«®^l)A(c*)|C^>i/(d6*)°''C.>. 
Now, the claim follows from condition iii) in Definition 14.81 □ 
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Proof of Theorem \5.4\ By Lemma 13.91 ii) and Propositions 13.81 iii) and 15.51 iii). left multipli- 
cation by {j0<^aI)V*{Jp®aI) acts on subspaces of C{Hi_i,Hp(^aH) below as follows: 

[\a}2a] ^ [|/3>2Ja] = |/3>2^J^ ^ [|^>i/3Jm] ' [|«>iJ/3^m] = [|«>i"], 

[|a>2/3] . [|/3>2J/3] = [|/3>23J^] ^ [|a>2SJ^] [|/3>2JqJm] = [|/3>2/3], 

[|^>i^] . [|a>i/^] = [|q>iSJ^] ^ [|^>iaJ^] > [|«>i/3J^] = [|q>i^]. 



Now, Theorem 15.61 implies V{a < a) = q > a, V{l3 < a) = f3 < (3, V{f3 > /3) = a > /3. These 
relations and the relations in Proposition 15.51 iiil are precisely (O. 

Let us show that diagram (|10|l commutes. Let a,d e A and lo e H. Then 



V23Vi2K^ ©rfCv- ®^) = V23(A(a)^^^®„id)(C^ @dCv Q'^) = A(^'(a)(C^ @ A(rf)(C^ ©a;)), 

where A^^' = (A * id) o A = (id *A) o A. On the other hand, 

Vi2Vi3V23(aC^ @ dC^ Qlo) = Vi2Vi3(aC^ @ A(d)(C^ © uj)) 

= l/i2Ai3(a)(C^ © A(d)(C^ = A(^'(a)(C^ © A(d)(C^©tj))), 

where Ai3(a) = E23(A(a)^^^(H)ci id)E23. Since a and d were arbitrary, we can conclude 
V23V12 = V12V13V23. 

Finally, V is regular because by Theorem 15.61 Lemma 13.91 iil and Proposition 13.81 iii). 
[<a|iV|a>2] = [<a|i(J^®„/)\/*(J^®a/)|a>2] 

= [J<^|iy*|/3>2J] 
= [J<C^|iA(A)|/3>2J] 

= [/<C^|i|/3>2AJ] = [ipj^ ■ M^AJ] = [aa"]. □ 

By Theorem l5.3l the regular C*-pseudo-multiplicative unitary {H, f3, a, 13, V) constructed 
above yields two Hopf C*-bimodules {A{V)°^'^ , Ay) and (1(V^)§", Av). 
Proposition 5.7. {A{VY^''\Av) = (A^''^,A). 

Proof We have A{V) = [<a|il^|^>i] = [<a|i A(A) |C^>i] = [A<a|i|C^>i] = [Ap4a*CvO] = 
[As{B°^)] = A and Ay (a) = V{a^0al)V* = A(a) for all a e A. □ 

The Hopf C*-bimodule {A{V)'^°' , Ay) will be studied in the next section. 
Our first application of the fundamental unitary is to prove that the coinvolution reverses 
the comultiplication. 

Theorem 5.8. (Ra^iiR) o A = Ada oA o R. 

The proof involves the following formulas: 
Lemma 5.9. i) A«C|il/|Oi) = <C|iVi2K3|Oi for all ^ e a,?' 6 ^. 
ii) i?«C|iV^|Oi) = {JS.'-h\iV\JiJ^,)i for all e e e ^. 

Proof i) For all ^ e a, 6 A we have that A«5|il/|Oi) = V {{{i,\^V\Oi) ^®cl)V* = 
<C|i^2*3Vi2V'23|C'>i = <e|iV^i2Vi3|Oi; ^ec also [13 Lemma 4.13]. 

ii) By Lemma ED and Theorem ES we have that R{{£,\iV\Oi) = -f<C'|iV^* lOi-^ = 
(JeJ^^\iiJc<E)i3l)*V*{Jc,®fiI)*\J^J^}i = (Je J^\iV\J^Jf.)i forallCea, □ 
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Proof of Theorem \5.8[ Let ^ e a and 5' e p. By Lemma [5^ i) . 

(AdEo(i?a*^i?)oA)«e|il^|e'>i) = (AdEo(i?„*^7?))«C|iyi2yi3|Oi) 

= Ads ((/a®/3/)*<e'|lV\|K*2|Oia«®,3/)). 

By Lemma 13.91 ii). we can rewrite this expression in the form 

AdE i(J£.'J^.\l{J,3®c..c{Io.®(^I))Vl%Vl%{Jc,®0Ic®l3I)*\J£.J^.}l)■ 

Two apphcations of Lemma 13.91 iii) and Theorem 15.61 and an apphcation of Lemma 
show that this expression is equal to 

AdE «JC'J^|lVl3Vl2|JeJM>l) = <J^'Jm|iVi2Vi3|JCJm>1 

= A{(J^'j^UV\JCJ,)i) = A{R{(^UV\Oi))- □ 

A second fundamental unitary Like in the theory of locaUy compact quantum 
groups, we can associate to a given compact C*-quantum groupoid besides {H, 13, a, 13, V) a 
second C*-pseudo-muhiphcative unitary [H, a, {3, a, W) as follows. 

Theorem 5.10. There exists a regular C* -pseudo-multiplicative unitary {H,a, l3,a,W) 
such that W*\aC,4,')2 = A(a)|(^,^)2 for all a e A. Moreover, 

W = S(/^-(8)„/)V^*(J^(g)c«7)E = (/c®^-/)V°''(/c®,fl/). 

J fl J IJ, J fj, J I.L 

Proof. Let a 6 A and ^eH. Since /(^.^m = and A(i?(a)*) = E(/c ®;3/)A(a)(/;3 

® ® c/)*E(e © aC^) = ®r3l)V{IaC^J^ ® IS,) 

= T.{I^®f,I)V{R{a)*<:^<3)IQ 

= A(a)(Jc(g),5/)E(C^ @7C) = A(a)(e@C0)- 

Therefore, the unitary W = T.{I ^®cI)V* {I p ^^1)^, satisfies W*|aC0>2 = A(a)|C,^,>2 for 

all a e A. Since {H, l3, a, f3,V°^) is a regular C*-pseudo-multiplicative unitary, so is 
{H,a,f3,a,W). ' □ 

The passage to the setting of von Neumann algebras In this paragraph, we 
indicate how every compact C*-quantum groupoid can be completed to a measurable quan- 
tum groupoid in the sense of Lesieur [5] and Enock [5]. We assume some familiarity with 
or 0. 

Let n he a faithful KMS-state on a unital C*-algebra B. Then the state p. on N : = 
B" c C{Hf_t) given by y i-^ (CmIj/Cm) is the unique normal extension of ^ and is faithful 
because (^^ is cyclic for tt^op(^B°^) c A'^'. Evidently, the Hilbert space Hp, := and the 
map Aji'. N Hj^, y y(^, form a GNS-representation for jl. 

Lemma 5.11. Let fi be a faithful KMS-state on a unital C* -algebra B and let {r,(f)) be a ^- 
module structure on a unital C* -algebra A. We put N := B" c C{H^), M := A" c C{Hi,), 
and use the notation of Lemma \2.S[ 

i) r extends uniquely to a normal embedding f:N^M. 

ii) (j) extends uniquely to a normal completely positive map <j>: M ^ N , and v = fio (j). If 
cj) is faithful, so is (p. 
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in) C^y = r{y)(, (*x = (i>{x)(* , (f>{xr{y)) = 4>{x)f{y) for all x e M, ye N. 

Proof, i) Uniqueness is clear. Put a := [A(]. By Lemmas 13 . 2 1 and 13.71 H^, = S©//^. Hence, 
we can define a *-homomorphism f:N^ C{a © i/^) = C{Hv) by a; i-^- ida ©a;. By Lemma 
I3.7l i). f extends r, and routine arguments show that r is normal and injective. 

ii) (j) is uniquely determined by 4>{x) = C,*x( for all x e M, and clearly vix) = {C'^la;^^^) = 
{ChK*^CCm) = (m ° 4'){^) for s-U ^ £ If is faithful, so is v and, since jl is faithful and 
V = fio (j), also 4> is faithful. 

iii) Use Lemma 12.21 iii) and the fact that f , (j> are normal extensions of r, (j). □ 

Let [B, fj,, A, r, <j),s,ip, 5, R, A) be a compact C*-quantum groupoid. We keep the notation 
introduced before and put 

iV ;= B" c £{H^,), N°" := {B"")" = N' c C{H^), M := A" c C{H). 

By the previous remarks, the maps /i, r, cf>, s, ijj have unique normal extensions 

fi-.N^C, f:N^M, 4>: M ^ N, a: N' ^ M, iJj-.M^N'. 

Before we can extend the comultiplication A from A to M, we need to recall the definition 
of the fiber product of von Neumann algebras [14) and the underlying relative tensor product 
of Hilbert spaces |15) : a reference is also |19l §10]. The relative tensor product of H with 
itself, taken with respect to s, r and jl, is defined as follows. Put 

D{Hr,j^) := {veH\3C>0^JyeN ■.\\f{y)ri\\^C\\yC4}. 

Evidently, an element r/ e H belongs to D{Hf;fL) if and only if the map A'^C^^ H given 
by ^ f{y)V extends to a bounded linear map L{rj) : H, and L{rj)* L(r]') e A'^' for 

all 77, r]' e D{Hf; fi). The relative tensor product Hs®fH is the separated completion of the 

A 

algebraic tensor product H Q D{Hf; jl) with respect to the sesquilinear form defined by 

(uj O ri\uj' O ri'y = (co\s{L{ri)*L{r]'))Lu'y for all ij,u;' e H, rj, ry' 6 D{Hr, fi). 

We denote the image of an element uo Qr) m Hs®fH by un^fTj. 

A 

Lemma 5.12. i) a"" 6 D{Hf; jl) and L{a°PC„) = a"^^^ e (3 for all a e A. 

ii) There exist inverse isomorphisms 

such that for all u e H , a e A, £^ e a, rj e D{Hf, jl), e Hf^ 

Proof, i) For all a e A, y e N, f{y)a°^Cu = a°^f{y)C^Cp = a°^C^yCp.. The claims follow, 
ii) The formulas for '^a,/! and ^a.fs define isometrics because for all lu, a, ^, rj, C, as above, 

\\Lo©a°^^4'' = <a;|p,(C;(a°^)*a°''C0)^^> = <c^|s(L(a°''C.)*L(a°''C.))c^> = ||c^3®f a°''C. f 

and 

ucs<s>rvf = msim*L{vmo = <cie*c-'^('7)*i('?)o 

= (mvrpp{ee)L{v)o = u ® mcf- 

Moreover, ^'^./j o ^a.i3 = id because for all a, ^, as above. 
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We identify Ha^pH with Hg®fH via ^a.i3 and '^a.is without further notice. 

A 

The fiber product Mg^fM is defined as follows. One has f{N)'D(Hf;jl) c D{Hf;jl), 

A 

and for each x,x' e M' , there exists a well-defined operator xs®fx' c C{H s®,~H) such that 

A A 

{xg(^fx'){uJsiS)f'rj) = xuig^fxr) for all tj e e D{Hf.;il). Now, 
A 

A A 

Lemma 5.13. A extends to a normal ■■f-homomorphism A: M ^ Mg*fM. 

A 

Proof. Simply define A by A{x) := V{x © ida)V* for all x 6 M. □ 

The notion of a measurable quantum groupoid was first defined in [9]; later, the definition 
was changed in f^, §6]. 

Theorem 5.14. {N, M,r, s, A, (j},tp, jl) is a measurable quantum groupoid. 

Proof. First, one has to check that (A*", M, f, s. A) is a Hopf-bimodule; this follows from the 
definition of A and the fact that V is a C* -pseudo- multiplicative unitary. 

Second, one has to check that (j) and tp are left- and right-invariant, respectively. This 
follows from the fact that these maps are normal extensions of <j) and tp, which are left- and 
right-invariant, respectively. 

Finally, one has to check that the modular automorphism groups of /> = fi o (jy and 
= fi°^ o ip commute, but this follows from the fact that = u^ip. □ 

6 Supplements on C*-pseudo-multiplicative unitaries 

In this section, we interrupt our discussion of compact C*-quantum groupoids and study 
several properties C*-pseudo-multiplicative unitaries that shall prove useful later. The 
corresponding properties for multiplicative unitaries were introduced and studied in [l]. 
Throughout this section, let /i be a faithful KMS-state on a unital C*-algebra B. 

Fixed and cofixed elements for a C*-pseudo-multiplicative unitary We shall 
study elements with the following property: 

Definition 6.1. Let {H, P, a, l3,V) be a C* -pseudo-multiplicative unitary over fi. A fixed 
element for V is an element r] e (3 n a satisfying = 6 C{H,Ha®i3H). A cofixed 

element for V is an element ^ e a n P satisfying V^lOa = IO2 G ^{H, Ha^/sH). We denote 
the set of all fixed/cofixed elements for V by Fix(l/)/Cofix(V'). 

Til the end of this paragraph, let {H, (3, a, I3,V) be a C*-pseudo-multiplicative unitary 
over /i. 

Remarks 6.2. i) Fix(V') = Co?dl{V°^) and Cofix(V") = Fix(V°''). 

ii) Fix(y)*Fix(\/) and Cofix(V)*Cofix(V) are contained in B n B"^ = Z{B). 

iii) Since Fix(V) c /3 n q, we have pc«(B°'')Fix(V') = Fix(\/)B°f c p and pg(B)Fix(V") = 
Fix(V)B c a. Likewise, p0(B)Cofix(V) c a and pc(B°'')Cofix(\/) c 

Lemma 6.3. i) {i\2V\02 = pc^iCi') = PjiiC O for all e Cofix(\/), and {■n\iV\n'')i = 
Pf3{v*v') = Pc.{v*v') for all ri,v' 6 Fix{V). 
It) p^(B)Cofix(V) c Cofix(l/) and p^(B)Fix(\/) c Fix{V). 
Ill) [EE*E] = E for Be {Cofix(T/), Fix(T/)}. 

iv) [Cofix(V^)*Cofix(l/)] anrf [Fix(\/)*Fix(l/)] are C* -subalgebras of Z{B). 
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Proof. We only prove the assertions on Cofix(y); the other assertions follow similarly. 

i) For alU,C' e CoR^iV) and C e H, (^hVIOaC = (^UWhC = p^rCOCand ((ClaVlOa)*? = 

(e\2\02c = Ppieerc 

ii) Let b 6 B and ^ 6 CoRx{V). Then p^{b)^ e Pp{B)f3 n p^{B)a ^ n a, and 
V\P0{b)O2 = ^P(^.^)(fe)l02 = P^^.^^^{b)V\02 = P(„,^)(&)|02 = |P^(&)02 because V0 > 

iii) Let 6 Cofix(l/). Then Pc(C'*D = P^{^'*C) by i) and hence V|CC'*02 = 

v^i02P^-(c'*r) = i02P.(r*r) = iec'*r>2 m c{h,h^®^h). 

iv) Immediate from iii). □ 

Definition 6.4. We call {H, /3, a, 13, V) or briefly V etale ifri*rj = idj? for some r) e Fix(V), 
and compact if = idj^ for some ^ e Cofix(V). 

Remarks 6.5. i) By Remark 1 6. 2 1 V is etale/compact if and only if is compact/etale. 

ii) If V is compact, then idn 6 ^{V)', if V is etale, then idn 6 A{V)- This follows directly 
from Lemma 16.31 

The following observation supports the plausibility of the assumptions in condition i) of 
Definition ITSI 

Remark 6.6. Let {H, (3, a, (3, V) be a regular C*-pseudo-multiplicative unitary over ^. If 
Co e Fix(V') and /3 = [A{V)io], then by [M Lemma 5.8], 

[Av{A{vmo\A{V)] = [V{A{V)^0^i)V''\^o}iA{V)] 

= [V\A(V)^o)iAiV)] = [V0}^A(V)] = [\a)rA{V)]. 

Likewise, if 770 6 Cofix(l/) and a = [A{V)vo], then [Av{A{V))\rjo}2A{V)] = [|/3>2l(V)]. 

The (co)fixed vectors of the C*-pseudo-multiplicative unitaries introduced in Theorems 
15.41 and 15. 101 are easily determined: 

Proposition 6.7. Let [B , /j., A,r, (p, s,ip,S, R, A) be a compact C* -quantum groupoid. 

i) The associated C* -pseudo-multiplicative unitary {H, /3, a, (3, V) is compact and Fix(V^) = 
[r{B)^^]. 

ii) The associated C* -pseudo-multiplicative unitary {H, a, (3, a, W) is etale and Cofix(iy) = 

HB-n^^^i 

Proof, i) Evidently, C,^ e Fix(V), and by Lemma lO iii. [r{B)C^] = [p^(B)C^] c Fix(V). 
Conversely, if jyo 6 Fix{V), then rjo e f3 = \AC,^^ and therefore 

10 = pa{C,lU)no = <C.^>|2|??o>iC</. = <C,^.|2V|r7o>iC,^. 

6[<C0|2A(A)KAa] 

= [<a|2A(A)K^>2Cv.] = [r(<^(^))Cv.] = HBK^l 




Haar weights and counits obtained from (co) fixed elements Fixed and cofixed 
elements for a C*-pseudo-multiplicative unitary yield bounded Haar weights and bounded 
counits on the legs as follows: 

Theorem 6.8. Let {H, f3,a, l3,V) be a well-behaved C* -pseudo-multiplicative unitary over 
fi. 

i) Assume that {H, f3, a, P, V) is etale and that ryo £ Fix(K) satisfies ri*r]o = id^f^. 
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(a) A hounded left counit for {A{V)'^" , Av) is given by ?(a) := ri*ar}o. For all 
ri e P,^ e a, we have e({»7|2V'|02) = '7*C- particular, e does not depend on the 
choice ofrio, t{A{V)) = [/3*a], and [/3*a] is a C* -algebra. IfV is regular, then e 
is a bounded counit. 

(b) A bounded right Haar weight ip for {A{V)'^^ , /S.v) is given by ip{a) := ri*ario. 
a) Assume that {H, (3, a, j3,V) is compact and that i^o 6 Cofix(V^) satisfies S,*S,o = idn^ . 

(a) A bounded right counit e for {A{V)'^'^ , A) is given by e(a) := ^*a^o- For all 
rj e a,^ e P, we have e({??|iV|Oi) = particular, e does not depend on the 
choice ofrio, e{A{V)) = [a*/3], and [a*/3] is a C* -algebra. IfV is regular, then t 
is a bounded counit. 

(b) A bounded left Haar weight (j> for Av) is given by (j>{a) := £,*aS_o. 

Proof. We only prove the assertions concerning (A(V')^", Av), the corresponding assertions 
for (A(V)'^'^ , Av) follow by replacing V by V°f. 

i) (a) Evidently, e"is a completely positive contraction. Let r],ri' e fH and e a. Then 

<'?|2V|02?7o = (v\'2\vo)i^ = VoV*^ = »7ot;o<'7|2V|02?7o = T?oe('?|2\^|02)- (11) 

Now, e is & *-homomorphism and e{A{V)) = [/3*a] because 

%*<r?|2\/|O2'70%*<r;'|2l^|O2'70 = %*<7?|2l^|02<»?'|2 V|O2r?0, ?«»?|2\/|02) = VoVoV*^ = V*^- 



Since [r]*ce] = B and [i]*f3] = B°^, the map e is morphism of C*-(/i, /i°'')-algebras A{V) 



f3,a 



and 



tB''P,B 



It is a left counit because (? * id)(A(a)) = (rio\iV* {la<S)i3o)V\rioyi 



<?7o|i(la(8)/3a)|?;o>i = a for all a e A{V). 

Assume that V is regular, and consider the following diagram: 



H 



<V\2 



»70>2 (*) 



\V0 >2 



V13V23 



Av«^|2V|02) 




The lower cell commutes by the proof of [171 Lemma 4.13], cell (*) commutes because 
V23|?7o)2 = |'7o)2, and the other cells commute as well. Since 77 6 /9 and ^ 6 a were arbitrary, 
e is a bounded right counit. 

ii) (b) By Remark Eli), Ko*^(V^)Co] = [S,^ p.{B°^)A{V)p^{B°^')io\ ^ [P* A{V)I3] c 
B°^ . Hence, the given formula defines a completely positive contraction <j): AiV) B°^. 
Since pc(fe°'')Co = Co^"" for all b°P e 5°", condition i) of Definition holds. Condition ii) 
holds because for all a e A{V) and rj, rj' e (3, 



Co*<r?|iAv(S)|77'>ieo = r?*<eo|2V-*(id.(g)0a)V|Co>2r;' 

= r?*<?o|2(ida®,3a)|Co>2»?' = 7?*Pq (Co «Co)'?'- 



□ 



Balanced C*-pseudo-multiplicative unitaries and C*-pseudo-Kac systems 

Weak C*-pseudo-Kac systems were introduced in [16] as a framework to construct reduced 
crossed products for coactions of Hopf C*-bimodules. Let us briefly recall the definition. 

Definition 6.9 ([IS]). A balanced C*-pseudo-multiplicative unitary over p is a tuple 
{H,a,a,l3,f3,U,V), where {H,a,a,l3,P) is a C* -{p, p, n""^ , p°^)-module, V : H 
Hct^pH is a unitary and U : H —> H is a symmetry satisfying the following conditions: 
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i) Ua = a and Uf3 = j3; 

a) {H, f3,a, l3,V), {H, a, l3, a,V), {H,a, l3,a,V) are well-behaved C* -pseudo-multiplicative 
unitaries, where V and V are defined by 

V := T.{U0i3U)V{l^®aU)E: H&®^H H^®^H, 

V := E(f/c.®,3l)V(f/;3®al)E: Hc.®^H Hp^aH. 

A weak C*-pseudo-Kac system over ^ is a balanced C* -pseudo-multiplicative unitary 
{H,a,a,f3,f3,U,V) such that {H,P,a,p,V) is well-behaved and [A{V),U A{V)U] = = 
[A{y),UA{V)U]. A weak C* -pseudo-Kac system {H,a,P,a,(3,V,U) is a C*-pseudo-Kac 
system if (H, I3,a, P,V), {H,a, l3,a,V), {H,a,(3,a,V) are regular and (E(lQ,(g)^l7) = 
ide LiH^^cH). 

Let {H, a, a, /3, (3, U, V) be a balanced C*-pseudo-multiplicative unitary over jj,. Then by 
[161 Proposition 3.3], 

A{V) = Adu{A{V)), K^=Ad^u®u)oAvoAdu, A{V) = A{V), A^=Av, 

. . (12) 

A{V) = Adu{A{V)), = Ad([,g,c) oAv o Adc,, A{V) = A{V), = Ay. 

In particular, V and V are well-behaved if V is well-behaved. 

Lemma 6.10. If {H,a, a, f3, 13,U,V) is a balanced C* -pseudo-multiplicative unitary, then 
Fbc(V) = f/Cofix(i>) = CofixCi/) and Cofix(V) = Fix(f>) = UFix(V). □ 

Corollary 6.11. Let {H, a, a, (3, l3,U,V) be a balanced C* -pseudo-multiplicative unitary 
over fi, where V is well-behaved. 

i) Assume that {H, f3, a, P, V) is etale and that ryo £ Fix(K) satisfies ri*rjo = idi/^. 

(a) A bounded counit for Av) is given by a i—> ri*arjo. 

(b) A bounded left Haar weight for {A{V)1l^ ,Av) is given by a ^ ri*U*aUrio. 
ii) Assume that {H, f3, a, /3, V) is proper and 6 Cofix(V) satisfies ^*£,o = idfr^. 

(a) A bounded counit for {A{V)'^'^ , Av) is given by a\-^ ^o<^£,o- 

(b) A bounded right Haar weight for {A{V)^ij'^ , Av) is given by a i-^ ^*U*aU(,o- 

Proof. Apply Theorem 16.81 to V or V, respectively, and use Remark 16.21 iil and (|12|l . □ 

7 The dual Hopf C*-bimodule 

In the preceding section, we saw that the fundamental unitary associated to a compact C*- 
quantum groupoid gives rise to two Hopf C*-bimodules and that one of these two coincides 
with the underlying Hopf C*-bimodule of the initial C*-quantum groupoid. In this short 
section, we study the other Hopf C*-bimodule, which can be considered as (the underlying 
Hopf C*-bimodule of) the generalized Pontrjagin dual of the initial C*-quantum groupoid. 

In principle, the dual Hopf C*-bimodules of compact C*-quantum groupoids should 
precisely exhaust the class of etale C*-quantum groupoids with compact base, but a precise 
definition of etale C*-quantum groupoids is not yet available. However, we can describe 
some important ingredients like the underlying Hopf C*-bimodule, the unitary antipode, 
and the counits of the dual of a compact C*-quantum groupoid. 

Throughout this section, let {B, fj,, A, r, 4),s,tp, 5, R, A) be a compact C*-quantum groupoid. 
We use the notation introduced in the preceding sections. 
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The dual Hopf C*-bimodule In Theorem 15.41 and Proposition 15.71 we associated to 
tlie compact C*-quantum groupoid a regular C*-pseudo-multiplicative unitary {H, (3, a, 13, V). 
Now, we determine the C*-algebra of the associated Hopf C*-bimodule {A{V)^^°' , Av)- 
Proposition 7.1. i) For each a B A, there exists an operator A (a) E C{H) such that 
\{a)K{d) = A,«C,^,|2A(d)|a°PC0>2) /or all d e A, and A(a)* = JX{R{a))J. 
ii) {x°'X4>\2V\y°''Ci,}2 = A(yx*) for all x,v e A. 
Ill) A{V) = [X{A)]. 

Proof. By definition, A{V) is the closed linear span of all operators of the form (^x°'''(!^g)\2V\y°^(^y2, 
where x,y e A. But for all x,y,d e A, 

(x'"C^\2V\y'"'(:^)2dC. = (x-'C^UVidC^Qy-'C^) 

= (x°''(;^\2A{d){(:,©y"^C^) = A.«C^|2A(d)|(a;°^)*y°^)C^>2). 

This calculation proves the existence of the operators A(a) for all a 6 ^ and that A(V) = 
[\{A)]. Finally, by Theorem 15.61 Lemma [3.91 and Proposition 13.81 

A(yx*)* = {(x'"'(,\2V\y''\^y2)* 

= (y°''CMJo,f)pI)ViJ^(g)pI)\x°''C^)2 

= J(Riy*)°''Q\2V\RixyC^}2J = JX{RixfR{y))J = J\{R{yx*))J. □ 

The associated weak C*-pseudo-Kac system Put U := IJ = JI. 
Theorem 7.2. [H ,a,a, (3, j3,U,V) is a weak C* -pseudo-Kac system. 

The proof involves the following formula: 
Lemma 7.3. /A(a)/A^-i (d) = A^-i |i A(d) |7?(a*)°f C^>i) for alia, de A. 

Proof. By Lemma 14.61 we have for all a, d e yl 
/A(a)/A,-i(d) = IX{a)A4R{df) 

= J<C^|2A(i?(d)*)|a°^C0>2/C-i = «C^|iA(d)|i?(a*)°''C*>i)C-i. □ 
Lemma 7.4. V = W and V = {J c.® ^J)V°'' {J ^J). 

Proof. Theorems [SH and [5T0] imply V = {U i3®&U)W {U &®^U) = {J c.® ^J)V°^ {J o.® pJ) 
and V = T.(Uc.®pl){Jf^®c.I)V^{Jfi®c.I){U0®^l)T. = E(/^®„/)l/*(/0®c/)E = W. □ 

Proof of Theorem yr^ By Lemma [7^ {H,a, l3,a,V) and {H,6i,j3,a,V) are regular C*- 
pseudo-multiplicative unitaries. Clearly, we have [A{V),U A{V)U] = [A{V),JIA{V)IJ] = 
[A{V), JA{V)J] = 0. It remains to show that [A{V), UA{V)U] = 0. But for aU x,y,de A, 

I\{x)IX{y)d(:, = IX{x)I((^\2A{d)\y'"'C^}25-''\,-i 

= (C^UA{(C^\2A{d)\y°^C^}25-'''')\R{x*rCp),C-i 

= (C^U(C^UA^'\d)\y°^C4>h\s-'''R{xy'C^}iS-''\.-i 

= (CMC^\i^^'Hd)\S-''^R{xy^C^},\y''^C^}2C. 

= x{y)((;^UA{d)\s-'/''R{x*r(:^},c. 

= X{yKC^UA{d5-''^)\R{x*rC^)^S''\, 
= X{y)IX{x)Id5~^''\^-i = X{y)IX{x)IdC^. 
Therefore, [A(V), UA{V)U] = [A(V), IJA{V)JI] = [A{V), IA{V)I] =0. □ 
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Coinvolution and counit on the dual Hopf C*-bimodule Proposition [7T] im- 
mediately implies: 

Corollary 7.5. There exists a *-anUautomorphism R: A{V) — > A{V), a i— > Ja*J. □ 

This *-antiautomorphism is a coinvolution of the Hopf C*-bimodule Ay) in 

the sense that it reverses the comultiphcation: 

Proposition 7.6. A o ^ = Ads o{R^*aR) o A. 
Proof. By (fT2|l and Lemma mi we have for all a e A{V) 
Av{a) = i/(aa®^l)V^* = (Ja®^J)Sl/*E(Ja®^J)(S<i(g)^l)(Ja(g)^J)*EyE(J<,(g)^J)* 

J fi J iJ, J fj, J fj. 

= (AdEo(^^*„^)o Av)(-R(S)). □ 

The constructions in Section [S] yield a counit on A{V): 

Proposition 7.7. i) The Hopf C* -btmodule {A{V)'^°', Ay) has a bounded counit e, given 
by e{X{y*x)) = Q\{y*x)C^ = J^Qx*yC^J^ for all x,y e A. 

ii) e{R{a)) = J^,e{a)*J^ for all a e A(V). 

Proof, i) By Proposition 16.71 Theorem 16.81 i). and CoroUarv 16.111 il. the map e: A(y) 
C{Hi_i), a I— > C*Q'C</'i is ^ bounded counit, and by Theorem 16.81 i) and Proposition 17.11 
e{X{y*x)) = e{(JxJ(;^\2V\JyJ(i,y2) = Jf,C*x*yC^Jf, for all x,y e A. 

ii) For all a e A{V), we have e{R{a)) = QJa*JC^ = J^iQaC,^)* J,, = Jpe(a)* J^. □ 

8 Principal compact C*-quantum groupoids 

In this section, we study compact C*-quantum groupoids that are principal. Most impor- 
tantly, we show that a principal compact C*-quantum groupoid is essentially determined by 
the conditional expectation t: B ^ '''{B) Z{B) and the state A'|t(s), and that the dual 
of a principal compact C*-quantum groupoid is the C*-algebra of compact operators on a 
certain C*-module. 

Principal compact C*-quantum groupoids Recall that a compact groupoid G is 
principal if the map G ^ G^^ x G'^ given by a; i-^ {r{x), s{x)) is injective or, equivalently, if 
C(G) = [r* {C{G°))s* {C(G"))]. The second condition suggests the following definition: 

Definition 8.1. A compact C* -quantum graph {B, ^,A,r,(j),s,ip,S) is principal if A = 
[r{B)s{B°^)] , and a compact C* -quantum groupoid {B, /x, A, r, 4>, s, ij), 5, R, A) is principal if 
A = [r{B)s{B"n]- 

To simplify the following discussion, we only consider the case where S = 1a- Corollary 
14. 131 shows that this is not a serious restriction. 

Let {B, n, A, r, 0, s, tp, 1a) be a principal compact C*-quantum graph. Then there exist 
at most one coinvolution R for {B, fi, A,r,4), s,^P,1a) and at most one comultiphcation A 
for 4°'" because necessarily R{r{b)s{c°P)) = s{b°P)r{c) and A{r{b)s{c°P)) = r(6)c(8)/3s(c°f ) 
for all b,c e B. We shall give conditions for the existence of such a coinvolution and a 
comultiphcation, and determine when [B, ^, A,r,(j), s,ip,lA, R, A) is a principal compact 
C*-quantum groupoid. These conditions involve the completely positive contractions r = 
i/> o r : B ^ Z{B°^) ^ Z{B) and = <j} o s : 5°" Z{B) ^ Z{B°p) introduced in ©. 

Theorem 8.2. Let {B , jj,, A,r, (f), s,ip, 1a) be a principal compact C* -quantum graph. Then 
the following two conditions are equivalent: 
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i) There exist R, A such that [B , ^, A,r, (j), s,^,1a, R, ^) is a compact C* -quantum 
groupoid. 

a) T(b) = r\b°^) for all b e B, r: B ^ '''(B) is a conditional expectation, ^j, o r = fi, 
r o T = s o T , and T{ba'^-^^{d)) = T{da'^-^^{b)) for all b,d e Dom(a^^^2)- 

Before we prove this result, let us give an application: every compact C*-quantum 
groupoid has an underlying principal compact C*-quantum groupoid. The nontrivial part 
of this assertion is that the comultiplication restricts to a morphism of C*-(/i, /i°'')-algebras. 

Corollary 8.3. Let {B , fi, A,r, (f), s,ip,lA, R, ^) be a compact C* -quantum groupoid. Put 
A := [r{B)s{B°^)] c A, (f> := tp := ^|^, R '■= R\a- Then there exists a unique A such 
that [B, fj,, A, r, (p, s, tp, 1^, R, A) is a compact C* -quantum groupoid. □ 

The proof of Theorem 18.21 is divided into several steps. First, note that for all b,ce B, 
(P{s{b'"')r{c)) = rf (6°'')c, ij{r{b)s{c°'')) = T{by, 

u{.3{b°'')r{c)) = ^t(rt(fe°'')c), u-\r{b)s{c°'')) = ^°''(r(6)c°''). ^^^^ 

Lemma 8.4. Let (B, /i, ^, r, (ji, s, ?/>, 1a) be a principal compact C* -quantum graph. There 
exists a coinvolution R for {B, fi, A,r, (f>, s,ip, 1a) if and only if T(b) = r^(fe°^) for all b e B. 

Proof. The only if part is Lemma [2. 71 ii). So, assume that r(6) = rt(6°f) for aU beB. Then 
there exists an antiunitary I: H ^ H such that Ir{b)s{c°'')(^^-i = s{b°'')*r{c)*C,^ for aU 
b,ce B because by (|13|l , 



||s(6°'')*r(c)*C.f = u{s{{b*b)'"')r{cc*)) = (r(6*6)6-((cc*)°'')) = ||r(6)s(c°'')C-i f . 

A short calculation shows that Ir{b)*s{c°^)*I = s{b°^)r{c) for aU b,c e B. Therefore, we 
can define a *-homomorphism R: A ^ A hy a i-^ Ia*I, and R{r{b)s{c°^)) = s(c°*')r(6) for 
aU b,ce B. Finally, ^ implies that (<^ o R){a) = for all a e A. □ 

Lemma 8.5. Let {B, jj,, A, r, 0, s, i/;, 1a) be a principal compact C* -quantum graph such that 
r(b) = T^{b°'') for all b e B , t : B is a conditional expectation, and fi o r = fi. 

i) For alld,e e B, where e is analytic for a'^ , there exists an operator Td,e e C{H,Ha®fjH) 
such that for all x e r{B) u r(B)°f and y e s(B°p) u 3(5°")°", 

Td,exy(^v = x(^ @ de°''(^, @ y(^, (14) 

and for all b, c, 6', c', d' , e' e B, where e' is analytic for , 

TlMb'K^ ® d'^""C^ © = r{r{d*d'a^_^^^{e'e*))r{b')s{c""')(:,. (15) 

a) Put T := {Td,e \ d,ee B, e analytic for a'^}. Then [Ta] = a>a, [T*{a >a)] = a and 
[Tl3]=0<0, [T*{0<P)]=p. 

lii) There exists a comultiplication A for A'^^ . 

Proof, i) Let d,e be as in i). Then there exists a Td^e 6 C{H,Hc,®ijH) such that equations 
GH) and ^ hold for all x e r(B), y e 3(5°") because 

<r(6)C^ ® de''^C, @ sic-^K^lribXpd' @ Cm @ s(c'°nc^e'°0^„o^« 

= ((,\d*(e'"'rHr{b%'M{s{(c'c*r))d'e"""(,) 

= (dr(b*b')T(c'c*)d*d'{e'e*rC^) 

= /i(r(fe*fe')^(c'c*)d*d'cr^^^^2(e'e*)) 

= M(r(6*6')r(c'c*)r(d*d'<^,(e'e*))) 

= /i(r(6*6'r(d*dV^/2(e'e*)))r(c'c*)) 

= <r(6)s(c°'')C.|r(r(d*dV^:,/,(e'e*))r(fe')s(c'°'')C.> 
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for all b,c,b',c',d',e' e B, where e' is analytic for cr^. Using Lemma 13.71 iii). one easily 
concludes that Td,eXyC.^ = xC,^, @ de°^C,^ © yC,^ for all x e r{By and y e s(B°'')°''. 

ii) Let b,ce B and d, e as in i). Then for all / e B, 

T,,,r{brs{c°^r(:4.rc^ = TdMfbrs{c^r(^u 

= r{fbrc^©de''^(:^Qs{c''n°'c^ 

= \s{c"Tr{er(:^}2r{brs{d'"'r<:^rc^^- 

This relation implies [Tp] = /3 < /3, and the remaining assertions follow similarly. 

iii) For all b, c,d,e e B, where e is analytic for a'^ , we have Td,er{b)s{c°^) = r{b)a®i3s{c°'''). 
Now, the claim follows from ii). □ 

Proof of Theorem ] 8. SI i) implies ii) by Proposition 14. lOl Conversely, assume that ii) holds. 
Then the preceding lemmas imply that there exist a coinvolution R for {B, fi, A, r, 0, s, tp, 1a) 
and a comultiplication A for A'^^ . We show that the conditions in Definition 14.81 hold. 
First, we check condition 14.81 il. Since = r and pa = s, 

[A(^)|a>i] = [\p^iB)a},pa{B'"')] = [|aB>ip4B°^)] = [\a}^pp{B)pa{B'"')] = [|a>iA], 
[A{A)\C^}U] = [MBKi.}iP^{B)A] = [|p^(B)C,B>iA] = [\p^{B)siB'"'rCi^}iA] = [\a),A]. 

Similar calculations show that [A(A)|/3>2] = [|/3>2^] and [A(A)|C0>2A] = [|/9>2^]. 
Next, is a bounded left Haar weight for {A'^^ , A) because for all b,c e B, 

<C,|2A(r(6),,(c°''))K,>2 = (CMr{b)c<®fMc°n)\<:^)2 
= ^(6)p4C^(c°'')a) 

= r{b)s{(t>{s{c°''))) = r{b)s{r{c)) = r{br(c)) = r(</>(r(6)s(c°''))). 

A similar calculation shows that ip is a bounded right Haar weight for (A^'*^, A). 

Finally, we prove that (p, ip and R satisfy the strong invariance condition 14.81 iii) . By 
Lemma 14.111 we have for all 6, c,d,ee T)om{a'^^^2) 

<Cv,|iA(r(6)s(c°''))((r(d)s(e°n)°".®^l)|C*>i=r(e)s(c°'')r(r(&a^:,^,(d))) 

= i?(s(e°'')r(c)s(r(d<^,(fe)) 

= i?«C^|iA(r(d)s(e°''))((r(&)s(c°^))°'',(g)^l)|Cv,>i). 
Since Dom(cr^^^2) c B is dense, condition 14.81 iii 1 holds. □ 

The reconstruction of a principal compact C*-quantum groupoid A princi- 
pal compact C*-quantum groupoid is completely determined by the conditional expectation 
t: B ^ t{B) c Z{B) and can be reconstructed from r as follows. Assume that 

• C is a commutative unital C*-algebra with a faithful state v, 

• B is a unital C*-algebra with a u-module structure (t, r) such that t(C) c Z{B). 
We put p := V o T and identify C with t(C) via t. 

Lemma 8.6. rQja'^^^^id)) = ■'"('i<'"^i/2(^)) f'^^ '^^^ b,de Dom((7^j^2)- 

Proof. For all c 6 C, we have erf (c) = cr"(c) = c for all t e R by Lemma [2. 2 1 and hence 

v{c*r{ba^_,^,{d)) = p{c*ba^_^^,{d)) = <A,(fe*c)|,/A,(d*)> 

= <A,(d*)|JA^(b*c)> 

= pidat^^,{c*b)) = p{dc*a^_^^,ib)) = v{c*Tida^_^^,{b)). 
Since c e C was arbitrary and v faithful, the claim follows. □ 
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As in Proposition 13.71 we define an isometry (t' by A„(c) i-^ A;j(c), identify 

B,B°^ witli C*-subalgebras of C(H^) via the GNS-representations, and put 

7 := [BCr] c C{H^,H,), 7°^ := [B^^Cr] c C{H^,H,). 

Proposition 8.7. There exists a unique principal compact C* -quantum groupoid {B,^,A, 
r, (p, s, 41, 1a, R, A) such that A = B^op®^B°^ c C{(H^)^op(^^(H^)) and for all b,ce B, 

r{b) = b^opig)^!"''' ^ (f){bjop0^c°'^) = fer(c), s{c°^) = l-yop(g)^c°'', ip{b^op0^c°'^) = T(b)c°^ . 

Proof. Routine arguments show that there exists a unique principal compact C*-quantum 
graph {B, /j., A, r, (j>, a, tp, 1a) with A, r, s, (p, tp as above; let us only note that the completely 
positive contractions (p: A ^ B and ^p — > B°^ are well-defined because they are given by 
X i-^- {CT|2a;|CT)2 and x i-^ {Ct |ia;|CT)i, respectively. Now, the assertion follows from Theorem 

ESI □ 

Every principal compact C*-quantum groupoid is of the form constructed above: 

Proposition 8.8. Let [B, ^l, A,r, (p, s,ip,lA, R, ^) be a principal compact C* -quantum group- 
oid and put T = ipor. 

i) C := t{B) is a commutative unital C* -algebra, v := /ijc is a faithful state on C , (id, r) 
is a v-module structure on B, and jj. = v or. 

Denote by (r '■ Ht the isometry cC,v i— > cCt and put 7 := [-BCt],. 1°^ '■= [^°''Ct]- 

ii) There exists a unitary H: H,^ {Hi_i)^op(^^[Hi_i) such that for all b,ce B, 

E{r{byPs{c°''y''(;,) = b^^Cr ©C.© cCr and E{r{b)s{c°^)C,) = b(^ © C« © c^^Cr- 

Moreover, Ef3 = [|7>iS°f] and Ea = [|7°f>iB]. 
Hi) Ads restricts to an isomorphism A B-yop^^B°^ , r{b)s{c°^) 1-^ b^op(^^c°^ . 

Proof, i) This follows directly from Proposition 14.101 and Proposition 14.141 

ii) There exists an isomorphism H: {H ^)^op^^(^H fj) satisfying the first equation 
in ii) because by Proposition Oil (flSll. and i) ||r(6)°fs(c°'')°f C^f = u{r{bb*)s{{c* c)°^)) = 
v{T{bb*)T{c*c)) = \b°^CT © C-u © cCrf for all b,c e B. From Lemma (IT^ iii), one easily 
deduces Tr{b)s{c°^)C,^ = 6Cr © © c°''Cr for all b,c e B. Finally, H/3 = [|7>iB°''] and 
2q = [|7°'')iS] because for all b,c,de B, 

Sr(6)s(c°'')C^d°''CM = Hr(6)s(c°''d°^)C-i = b^r @ © c"^ d"" = \b(,)ic'"'d''^(;^, 

Er{br^s{c''^)°\^d''^C^^ = r{b)°^sic°^rs{d''^)C:. = b°^Cr © © cd°^Cr = |6°^Cr>lCd°''CM- 

iii) Straightforward. □ 

The dual Hopf C*-bimodule Let {B, n, A,r,(p,s,^p,S, R, A) be a principal compact 
C*-quantum groupoid and {H, f3, a, [3, V) the associated C*-pseudo-multiplicative unitary 
(see Theorem |5.4|I . We show that the dual Hopf C*-bimodule (^(V')^", A^^) studied in 
Section [7] can be identified with the C*-algebra of compact operators on a Hilbert C*- 
module over t{B). This result is a (reduced) analogue of the result that for every principal 
compact groupoid G, the irreducible representations of C*(G) are labelled by the orbits 
G"/G and that each such representation is by all compact operators [13| . 

We use the notation of Proposition 18.81 and denote by ICt £{H^) the G*-algebra 
corresponding to A;^c(7) ©id c C{'yQHv) with respect to the natural isomorphism 'y©Hv = 
H^, C © C 1-^ Thus, /Cr = [{kb,c \ b,c e B}], where kb,c- -ff^ ^ is given by 

dCp 1-^ bT{c*d)C^ for all b,ce B. Note that /Cr c £.{{H^)j). 

Lemma 8.9. (/Ct)j| is a C* , fi)-algebra. 
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Proof. Clearly, {H^,B''p,B) is a C*-(m°^, M)-module. We have [pBop{B)ICr] = fCr = 
[Pb{B°^)ICt] because for all a,b,c,d e B, a' e Dom(cr^^^2)i PB°v{a)kb,cdC,^ = abT{c*d)(f_i = 
fcab.crfC^ and pB{a'°^)kt,cd(:^, = a'°^bT{c*d)C^ = ba^_ Ja')r{c*d)(:. = fc^^M („,),,dCA.- □ 

— i/2 

The comultiplication Av can be described in terms of the isomorphism 

T: {H^)bop®b{H^) = B"" QH^QB ^ H,,, b"" Q ( © ci-^ b'"'cC 

Note that T*/C,T c (/Cr)B°p*s(/C,) because [T*/C,T|B°>] = [T*/CrB°''] = [T*B°PICr] = 
[\B''P}ilC-r] and similarly [T*K;^T|B>2] = [|-B>i/Cr]. 

Theorem 8.10. Let {B, p,, A, r, (j), s, tp, 1a, R, A) be a principal compact C* -quantum groupoid 
and {A{V)ff°',Av) the dual Hopf C* -bimodule. 

i) There exists an isomorphism of C* , fi) -algebras j : {ICr)^^^'^ ~^ ^{V)h°'> given 

by k 1-^ H* (id -yop®-yfe)H. 
It) Av oj = {j * j) o Ad^V 

Hi) R{j{kb.c)) = j{kci.b'), where c' = cr^j^{c)* and b' = G'^j^{b)* for all b,c e'DoTa{a'^i.^). 
iv) eo j = idjc^. 

Proof, i) Let &, c 6 B be analytic for a'' and put a := r(6)s(c°''). Then the operator A(a) 
defined in Proposition 17.11 acts as follows. For all d,e e B, 

A(a)r(d)s(e°nC. = A. «C0|2(r(d)„(8)^s(e°^)r(fe)°''s(c°'')°'') |C0>2) 

= p4b''^Cls{e''^)s{c''T'CMdK'^ = s{b''^<l>{s{{a^/,{c)er)))r{d)C., 

and hence EX{a)E*{d(r Q C-v © ^"^(t) = rfCr ® C« © b°^'r{'^i/2i<^)eKT- Assume that e e 
Dom((j^^^2)- Then by Proposition 14.101 Lemma 13.71 iiil. and (T''-invariance of r, 

HA(a)H*(dCr @ © 'T^:,/2(e)C0 = dC. © C« © <7^^^^2(6)r(a')2(c)e)Cr 

Therefore, HA(a)H* = (id ^opgj^fc;,, ), where b' = a'^-^^{b), and A{V) = 2* (id -yop(x)^/Cr)S. 

Since v is faithful and S unitary, the map j: ICt — > A(V^) given by fc i-^ 'E*{idjop(^^k)'E is 
an isomorphism of C*-algebras. 

It remains to show that j is a morphism of C*-{p°^ , /i)-algebras. Evidently, tfc = j{k)t for 
aU fc e /Cr and all t e [E* |7(°f)>i]. By Proposition ES] ii) , [H*|7>iB°''] = P, [E*\j°'')iB] = 
a, [<7|iE^] = [<7|i|7>iS°n = [CB"^] = and [<7°''|iHq] = [<7°''|i|7°''>iS] = [CB] = 
B. The claim follows. 

ii) By definition of Av and j, we have for all a; 6 a, j/ 6 7, fc e ICt 

Av{j{k))V*\x),E*\y), = V*{U®f,j{k))\x\E*\y\ = V*\x\j{k)E*\y), = V* |x>iS* |y>ifc. 

Likewise, by definition of j * j and T, we have for all u e 7°'', v e "/, k e ICt 

((j * j)(T*fcT))(S*|7i>iBop®BH*|«>i)T* = (S*|n>iBop(g)BH*|t;>i)T*A:TT* 

= (S*|K>isop(8)sH*|i;>i)T*fc. 

Now, [■l/*|a>iH*|7>i] = [(S*|7°P>isop®sS*|7>i)T*] because for aU b,c,d,eeB, 

\/*|r(6)°''s(c°'')°''Cv.>i2*|dCr>ie°''CM = V* {r{b)°'' s{c''^)°^(;^ Q r{d)s{e''^)(:,) 

= V*{r{b)°^C^©r{cd)s{e°'')C.) 
= r(6)°''C*©r(cd)s(e°'')C. 
= (H*|6°*'Cr>is°p®BH* |crfC,>i)(l ©Cm © e"") 
= (H*|fe°^Cr>is°p®BH*|cdCr>i)T*e°''CM- 
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Since [V*\a}iE*\j}iH^,] = H, we can conclude Av{j{k)) = {j * i)(T*fcT) for all k e JCr- 

iii) Let e e Dom(a')2) and b,c e Dom(a')2). Since Js{f°P)°P(:, = </7 (s(/°'')°'')*C. = 
s{a^_,/,{.rrrC^ for aU / e Dom^^,) and r(b*a^_^^.^{e*)) = r(e*a^^^/,(6*)), 

R{j{kt,c))s{e°T^(;, = Jj{kt,,)*Js{e°T^(:, 

= Jj{k.,t)s{a^_,^,{eTrC,^ 

= s{a-_^^,{c*r{a-_^,,{b*re)rr<:^ = s{{c'r{b'*e)m, 

where b' = o-jy2(^)* ^"^'^ = ^i/ii^)* ■ The claim follows. 

iv) For all b,c,d e B, 

^jikb,c))dCf, = C*j{kb,c)Ci,dC^ = C$jikb^c)s{d°^)°^(„ 

= CX(6r(c*d))°'')°''C. = 6r(c*d)CM = fc^.^dC^- □ 

The C*-pseudo-Kac system Recall that in Theorem 17.21 we associated to every 
compact C*-quantum groupoid a weak C*-pseudo-Kac system. 

Theorem 8.11. Let {B, /x, A, r, (j), s, tp, 1a, R, A) be a principal compact C* -quantum group- 
oid. Then the weak C* -pseudo-Kac system {H, a, a, P, P,U,V) is a C* -pseudo-Kac system. 

Proof. The C*-pseudo-multiplicative unitaries [H, P, a, (3, V), {H, a, P, a, V), {H, a, a, V) 
are regular by Theorems 15.41 [5.101 and Lemma 17.41 and the operator X := S(1q®/3(7)V 6 
£,{H 00aH) satisfies = id because for all 6, c,d,ee B, 

X' (r(fe)s(c°'')Cv, ® r{d)s{e°P)(:,) = X^E(1 @ [/)(r(&)C^ @ r(d)s(c°P)s(e°'')C.) 

= x2(s(d°'')r(ec)C.©r(6)Cv,) 

= XS(1 ® ;7)(r(ec)C. © s{d°'')r{b)(4.) 

= X(r(d)s(&°'')C^@r(ec)C.) 

= E(l ® U){r{d)Ci, @ s(&°P)r(ec)C.) 

= r(6)s((ec)°'')C.@r(d)Cv, 

= r(6)s(c°'')Cv,e°^ © r(d)C. = r(6)s(c°nC<^ ® r{d)s{e°'')(,. □ 

9 Compact and etale groupoids 

Prototypical examples of compact C*-quantum groupoids are the function algebra of a 
compact groupoid and the reduced groupoid C*-algebra of an etale groupoid with compact 
space of units. In this section, we construct these examples, determine the associated dual 
Hopf C*-bimodules, and show that the associated weak C*-pseudo-Kac systems are C*- 
pseudo Kac systems. We shall use some results from 17^ and 161 which we recall first. 

Preliminaries on locally compact groupoids Let us fix some notation and termi- 
nology related to locally compact groupoids; for details, see [TH] or 

Throughout this section, let G be a locally compact, Hausdorff, second countable groupoid. 
We denote its unit space by G°, its range map by re, its source map by sq, and put 
G" := r^\{u}), Gu ■■= Sc^(n) for each u e G°. 

Let A be a left Haar system on G and denote by the associated right Haar system. 
Let fiG be a probability measure on G" with full support and define measures vg,Vq^ on G 
by 

f duG ■■= f{x)dX'{x)diiG{u), fdvG^ = f{x)dX~^{x)dfiGiu) 

Jg Jgo Jg" Jg Jgo jg^ 
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for all / e Cc{G). Thus, = i-^vc, where i: G ^ G is given by a; i-^ x^^ . We assume 
that /i is quasi-invariant in the sense that uq and Uq^ are equivalent, and denote by D : = 
dvc/dvQ^ the Radon-Nikodym derivative. 

In the following applications, we shall always assume that the unit space G° is compact 
and that the Radon-Nikodym derivative D is continuous. 

The C*-pseudo-Kac system of a locally compact groupoid In [T^ and [TB], we 

associated to G a C*-pseudo-multiplicative unitary and a C*-pseudo-Kac system as follows. 

Denote by /i the trace on G(G") given by / i-^- fd^c- Put K := L^{G, va) and define 
representations r, s : C{G°) C{K) such that for aU a; e G, ^ 6 Gc(G), and / e G(G°), 

ir{m){^) ■■= firG{x))ax), is{.m){x) := f{sG{x))ax). 

We define Hilbert G*-G(G")-modules L^{G, A) and L^{G, \~^) as the respective completions 
of the pre-G*-module Gc(G), where for aU ^, ^' e Cc{G), u e G'^ , f e G(G°), xeG, 

<e'IO(«)=(' l^mdX^(x), {^mx)=ax)f(rG(x)) mci,seoiL\G,X), 

<e'IO(")=f I^a^)dXzHx), {^f){x)=ax)f{sG{x)) incaseof l2(G,A-1). 

There exist isometric embeddings j : L^(G, A) C{H^, K) and j : L^{G, A^^) £,(^H^, 
such that for all ^ 6 Gc(G), ( e Hf^, x e G, 

(jiOOix) = ^{xKirGix)), Om)ix) = ^ix)Dix)-''\isG{x)). (16) 

Put p := j{L\G, A)) and o := jiL'^iG, \-^)). Then (K, a, p, p) is a G*-{p°^, fi, )-module, 
and j and j are unitary maps of Hilbert G*-modules over C{G'^). 

Define measures u^^^ on G^^r ■= {{x,y) S G x G \ sg{x) = rG{y)} and u^^^ on G^,r : = 
{{x,y) e G^ I rcix) = rG{y)} by 

f fdul,:={ f f f{x,y)dy^<-''\y)dr{x)df,G{u), 
Jg^ ^ Jg" Jg" Jg=g(=") 

gdvl,,.:=\ g{x,y)dX^{y)dX^(x)dp.G{u) 
JGl ^ Jg" Jg" Jg" 

for all / e Cc{G'i^r), 9 G C'c(G^,,,). Then there exist isomorphisms 
such that for all 77, C e Gc(G), C e Cc(G°), {x,y) e G^r, {x',y') e G?,^, 

^.AH^)®<®jiO){^,y) = v{x)D{x)-'/\{sG{xmy), 

*P,p(i(»7) ® C ©i(C))(a;', y') = v{x')arG{x')my')- 

From now on, we identify Ka®pK with (G^ vi^,.) via $(t,p and Kp®pK with L^{Gr,r, i^r,r) 
via $p,p without further notice. 

Theorem 9.1 (|17].|16jl. There exists a G* -pseudo-Kac system {K, p,a, p,a,UG,VG) such 
that for all tu e Gc{Gl^r), {x,y) e Gr,r, 5 6 Gc{G), z e G, 

{VGCu){x,y) =ij{x,x-'y), {UgO{^) = a^'')D{z)-''' ■ 

Proposition 9.2. i) If G ts r-discrete and l^o E G(G) denotes the characteristic func- 
tion of the unit space, then j(1go) = j(lGo) e Fix(VG) and {K, a, p, p,Vg) is compact. 

a) If G is compact, then j{lG) e Cofix{VG) and {K,a, p, p,Vg) is etale. 
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Proof. Straightforward. □ 

The concrete Hopf C*-bimodules (^A{Vg)'j('' , ^Vq ) and (A(Vg)^''5 ^Vg) can be described 
as follows. Denote by m: Co(G) C{L^{G, vq)) the representation given by multiplication 
operators. Recall that for each g e Cc{G), there exists an operator L{g) e C{K) such that 

{L{g)f){y) = f g{x)D{x)-'/''f{x-'y)dy^^^\x) for all / e Gc{G),ye G, 

and that L{g)* = L{g*), where g*{x) = g{x~^) for all x e G. The reduced groupoid 
C*-algebra C*(G) is the closed linear span of all operators L{g), where g e Gc{G) jl3j . 

Theorem 9.3 ([E]). i) A{Vg) = m{Go{G)) and {Ava{m{f))io){x,y) = f{xy)uj{x,y) 
for each f e Co{G), lo e {G^r , i^lr) , {x,y) e G^r- 

a) A{Vg) = C*{G), and for each g e Cc{G), uj e L'^{Gl^r,'^r,r), {x,y)eGl^r, 

{Ava{Lig))Lo){x,y) = f g{z)D{z)-''Mz-'x, z-'y)dy^'^'''> {z). 
jg^g(^) 

The function algebra of a compact groupoid Let G be a locally compact groupoid 
as before but assume that G is compact. Then the following assertions are evident: 

Lemma 9.4. i) There exists a compact C* -quantum graph {G{G'^), ii,C{G),r, (j), Sjip, D^^) 
with coinvolution R such that 

{r{f)){x) = f{rG{x)), {s{f)){x) = f{sG{x)) for all f e CiG"), x e G, 

(0(»))(k) = f g{y)dX"{y), {i>{g)){u) = { g{y)d\z\y) for all g e G(G), u e G^ 
Jg" jGu 

and {R{g)){x) = g{x^^) for all g 6 C{G), x e G. The states u = fj,ocj> and = fj,oip 
are given by u{g) = gduG and v~^{g) = J^, gdu^^ for all g e G(G). 

ii) If we identify H = Hi, with K = L^{G,v) via fCv = f for all f 6 G(G), then 
j{f) = /C0 and j{f ) = fC^ for all f e G{G), and (H,a,l3,P,a) = {K,p,p,o,o). □ 

With respect to the canonical identification H = Hi, = L^{G, v) = K, the representation 
m: G(G) C,{K) = 'C(-ff) corresponds to the GNS-representation for 1/. We identify G(G) 
with m(G(G)) c £{K) = C{H) via m. 

Theorem 9.5. i) {G{G'^), ii,C{G),r, (f), s,tp, D^^ , Avq, R) is a compact G* -quantum group- 
oid. 

ii) The associated G* -pseudo-multiplicative unitary {H, a, (3, a, W) equals (K, a, p, p, Vg). 

Hi) The associated weak C* -pseudo-Kac system {H,a,a,l3, f5,U,V) is a G* -pseudo-Kac 
system. 

iv) Adu defines an isomorphism between the dual Hopf C* -bimodule (y4(V)^",Av) and 
{GnG)'',f,Ava). 

Proof, i) Put A := Avq. By Theorems [9Tl 1031 [171 Theorem 4.14], and Lemma iQ^il 
(G(G)^''^,A) = (1(VG)'K^ Avg) is a Hopf G*-bimodule and [A(G(G))|q>i] = [|a>iG(G)], 
[A(G(G))|/3>2] = [|/3>2G(G)]. 

By Lemma 19.41 iiil and Proposition 19.21 ii) . ("^ = ^(Ig) 6 Cofix(VG)- Remark 16.61 shows 
that [A(G(G))|C0>2G(G)] = [|/3>2G(G)]. Moreover, = UC,^ e Fix(VG) by Lemma EM 
G{G) = A{Vg) = A{Vg) by equation p2p . and now a second application of Remark 16.61 
shows that [A(G(G))|Cv.>iG(G)] = [|a>iG(G)]. 

By Theorem l6.8l and Corollarv l6.11l (p: ai-^ C*o.C4> and ip: a 1-^ C,*UaUC,^ are a bounded 
left and a bounded right Haar weight for (G(G)^''', A), respectively. 
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Finally, we show that the strong invariance condition iii) in Definition 14.81 holds. For all 
/,(? e C(G), the operator ((:^^|iA(/)(g°''Q,(H)/3l)|(:^^>i is given by pointwise multiplication by 
the function 

Hf,3 : G ^ C, f{xy)g{x)dX~^^y^{x), 
and by right-invariance of A^^, 

{R{H,j)){y) = H,j{y-') = J g{xy-')f{x)dx;^^^_,^ix) 

g{x')f{x'y)d\:;^^y^{x') = Hf^g{y) forallyeG. 

ii) With respect to the identifications Ha®pH = Ka®pK = (Gl^r, ^s.r) and H p®aH = 

{W*\j{g))2f){x,y) = {A{g)\(^^)2f){x,y) = f{x)g{xy) 
for all {x,y) 6 Gl ^ and f,g e G(G) and hence {W*u){x,y) = u{x,xy) = {VQUj){x,y) for aU 

iii) Since G(G) is commutative, = i, and {Ui){x) = {IJOix) = ^{x-'^)D{x)-'^^'^ = 
{UoOix) for aU ^ e L^{G,ug) and x e G. By Theorem 1^ {K, p,a, p,a,UG,VG) is a 
G*-pseudo-Kac system, and since Vg = W = V hy ii) and Lemma 17.41 we can use [161 
Proposition 5.5] to conclude that {H, a, S, /3, f3, U, V) is a G*-pseudo-Kac system. 

iv) This assertion follows from the relation V = Vg (see above), equation p2|l . and 
Theorem lOl □ 



The groupoid C*-algebra of an etale groupoid Let G be a locally compact 
groupoid as above but assume that G is r-discrete and that A is the family of counting 
measures. Since G" c G is closed and open, we can embed C{G°) in C(G) by extending 
each function by outside of G". Thus, Igo gets identified with the characteristic function 
of G". Denote by r, s: C{G'') G{G) the transpose of the range and the source map tg 
and sg, respectively. 

Lemma 9.6. i) There exists a compact C* -quantum graph (G(G"), /i, G* (G), l, (f>, l, (f>,l) 
with coinvolution R such that 

= L{f ) for each f e G(G°), (<^(L((?))) («) = g{u) for each g e Cc{G), u e G°, 
RL{f) = L(/t), where f (x) = /(x"^) for all x e G, f e Cc{G). 

The state u = fi o (j) is given by iy{a) = {1^0 lal^o) for all a e G*(G), and its modular 
automorphism group is given by at {L{f)) = L{D'''^f) for all f e Gc{G), i e R. 

ii) There exists an isomorphism H: _ff^ K, L[f)C,i, t-^ fD~^^^, and HZ/(/)°''^^ = /, 

HL(/)C0 = j{f), ^H/rQ = j{f) for all f e G.(G). In particular, Ea = = a 
and 3a = H/3 = p. 

Proof, i) The *-homomorphism t clearly is well-defined. Denote by L^{CP,pg) 
L^{G,ug) the embedding that extends each function outside of G" by 0. Then for each 
g 6 Gc(G), the operator C*^(ff)C — ^{L^ {G'^ , pg)) is given by pointwise multiplication by 
the function glgo, and we can define 0: G*(G) ^ CiG") c C{L'^ {G" , pg)) hy a ^ C*fflC- 
Clearly, lo (f>: G*(G) —>■ t(G(G'')) is a conditional expectation. Since (^("^ = l^o, the state 
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fi o (j) is given by !/(a) = fi((*a(j = <1go|i1go) for ^^'l e C*{G). By [OJ §11.5], this is a 
KMS-state with modular automorphism group as stated above — indeed, for all / e Cc{G), 

u{L{f)*Lif)) = f r W^)fix-')dX'^{x)dfiG{u) 
Jg" Jg" 

= f W)fi^)D{x)-'duG{x) = u{L{D-'''f)L{D-'''fr). 

JG 

Finally, a" o t = l and (j>o at = <j} fof all t e R because D\qo = Iqo . 
ii) First, observe that for all / e Cc(G) and x e G 

iL{f)lao){x) = f{x)D-''\x) (17) 

and hence ||L(/)C.||lf = = (L{f)lGo\L{f)lGo} = \\fD-'/^\\j,. The existence 

of H follows. The remaining assertions hold because for all / e Cc{G), g 6 (7(0"), 

HL(/)°^C. = ^oU,2{L{m. = ELiD'/^fK. = f, 
^L{f)UgQ. = EL{f)L{g)(, = HL(/s(3))C. = fs{g)D-''^ = j{f)g, 
mfrC^aC, = EL{g)L{frC. = Er{g)L{D''\fK, = r(g)f = j{f)g. □ 

From now on, we identify H = Hi, with K via H without further notice. 
Lemma 9.7. {L{frg){x) = J^,^,,, g{xy)f{y-^)dro(-\y) for all f,ge C^G), x e G. 

Proof. Let f,geCc{G). Then 

Li/rg = EL{frL{gD"^%,, = EL{D^I^ g)o%,^{L{f))(^,. 

= EL{D''^g)L{D''^fK„ = EL{h%. = hD-^l\ 

where for all a; e G, 

h{x)= [ D^I'^{z)g{z)D^I'^{z-^x)f{z-^x)dy^''\z) 

= D^I\x){ g{xy)f(y-')d\'^<-^\y). □ 

Theorem 9.8. i) {CiG"), fi, C? (G), l, cl>, l, (f),l, R, Avg) is a compact C* -quantum groupoid. 
ii) The associated C* -pseudo-multiplicative unitary is Vg- 
lii) The associated weak C* -pseudo-Kac system is a C* -pseudo-Kac system, 
iv) The dual Hopf C* -btmodule is {G {GYi^" , Avc) ■ 

Proof i) Put A := Avq- By Theorems WT\ MM [13 Theorem 4.14], and Lemma El 
(C*(G)^''^, A) = (G*(G)^'', Avg) isaHopfG*-bimoduleand [A(G* (G))|a>i] = [|a>iG*(G)], 
[A(G*(G))|/3>2] = [|/3>2G*(G)]. 

By Lemma and Proposition 19.21 l^^^^jC^ = L{1go)C4> = ji^G") = j{^G°) 6 Fix(VG). 
Remark EH shows that [A(G* (G))|C,^>iG* (G)] = [|a>iG*(G)]. Moreover, C</> e Cofix(VG) 
by Lemma 16.101 G*(G) = A{Vg) = A{Vg) by equation (|12p . and now a second application 
of Remark EH shows that [A(G* (G)) |C0>2G* (G)] = [|/3>2G*(G)]. 

The map : a i— > C,*a(^^ is a bounded left and a bounded right Haar weight for (G* (G)^'*^, A) 
by Theorem 16.81 and CoroUarv 16.111 

Finally, let us prove that the strong invariance condition iii) in Definition 14.81 holds. Let 
f,g,£, £ Gc(G). By the previous Lemma, 

((L(g°'')„(8)^l)K^>iC)(a;,y) = mgi^) for all {x,y) e G^,, 
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and hence 

«C^|iA(L(/))(L(g°''),®^l)|C^>ie)(y) = f f{z)D-'l^{z)g{z-')i{z-^y)d'^<^^-y\z) 

JG''G(y) 

where h{z) = f{z)g{z^^) for all z e G. Switching f,g, we find 

«C^|iA(L(<?))(L(r'')„(g)^l)K^>i) = Lih^) = R{L{h)). 

Since f,g were arbitrary, condition iii) in Definition 14.81 holds. 

ii) By Lemma 19.61 we have for all /, g 6 Cc(G), (x,y) 6 Gr,,-, 

(y(L(/K^@L(gK.))(x,y) = (A(L(/))(C^@L(ffK.))(a;,y) 

= \ f{z)D-^l^{z){^^ Q L{g)(^,){z-^x,z-^y)d\^'^^^\z) 

= \ f{z)D-'''{z)lGaiz-'x)g{z-'y)D-''^iz-'y)dX'-^^'''>iz) 
= f{x)D-"\x)g{x-'y)D-'l\x-'y) 

= (j{f)QgD-^'^){x,x-^y) = {L(f)<:^QL{gK.){x,x-'y). 

iii) , iv) The proof is similar to the proof of Theorem 19.51 iii). iv). □ 
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